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Abstract

Basedon a new framework for the descriptionof N trans-
parentmotionswe categorizedifferenttypesof transparent-
motionpatterns.Con�dencemeasuresfor thepresenceof all
theseclassesof patternsarede�ned in termsof the ranksof
the generalizedstructuretensor. To resolve the correspon-
dencebetweenthe ranksof the tensorsandthe motion pat-
terns, we introducethe projective plane as a new way of
describingmotion patterns. Transparentmotionscanoccur
in video sequencesandarerelevant for problemsin human
and computervision. We show a few examplesfor how
our framework can be appliedto explain the perceptionof
multiple-motionpatternsanddemonstratea new illusion.

Keywords: Humanandcomputervision, multiple transpar-
entmotions,generalizedstructuretensor.

1. Intr oduction

Motion estimationhasmany applicationsin computervi-
sion,e.g.,videocoding,imagetracking,imageenhancement,
depthrecovery, etc. Accordingly, variousalgorithmsfor mo-
tion estimationareknown, see[3, 11] for reviews. However,
theproblemof motionestimationis alwayslinkedto theprob-
lem of motiondetectionandtheselectionof theappropriate
motionmodel.This is becausetheassumptionsunderwhich
the motion parameterscanbe estimatedcorrectlyarerarely
ful�lled in real dynamicscenes.In fact, motion estimation
is an ill-posedproblem[6] andalgorithmsrely on somesort
of local or global regularizationof the motion �eld in order
to producemeaningfulresults.The so-calledapertureprob-
lem,noise,occlusions,appearingobjects,andtransparencies
in imagesequencescreatesituationswheremotionestimation
becomesdif�cult. Therefore,acorrectdecisiononwhatlocal
or globalmotionmodelto useis asimportantastheestima-
tion of themotionparameters.

Motion selectivity is also a key featureof biological vi-
sualprocessingandhasbeenstudiedby recordingsof neural
responsesand by psychophysicalexperiments. Humanob-
servers are able to seeand distinguishmultiple transparent
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motions. A specialcaseis thatof overlaid1D motions,i.e.,
thecaseof moving straightpatterns.Of particularinterestis
how humanobserversresolve theambiguitiesthatareinher-
entin this typeof patterns[1, 26, 14] andhow visualneurons
respondto suchpatterns[19].

Transparentmotionsareadditive or multiplicative super-
positionsof moving patternsand occur due to re�ections,
semi-transparencies,and partial occlusions. Different ap-
proachesfor the estimationof motion vectorsfor the case
of multiple transparentmotionsareknown [21, 8, 9, 13, 25,
27, 18, 24, 23] and meanwhilethe non-lineartransparent-
motionsequationsintroducedby Shizawa andMase[21, 22]
have beensolved for an arbitrary numberof motions[18].
Nevertheless,the issue of con�dence for multiple-motion
modelshas,to our knowledge,only brie�y beenaddressed
in [4, 16, 17].

This paperprovidesa framework for the analysisof im-
agesequenceswith theoccurrenceof transparentmovingpat-
terns,suchthat, for example,themotionof two overlaid1D
patterns(e.g. two gratings)can be distinguishedfrom the
motion of one2D pattern(thesepatternsremainequivalent
within traditionaltheoriesof only onemotion). First, we es-
tablisha correspondencebetweenmoving patternsandsub-
setsof theprojectiveplane.Thisis donesuchthat2D moving
spatialpatternscorrespondto pointsand1D spatialpatterns
correspondto lines of the projective plane. This correspon-
denceis thenusedto show thatdifferentmotionpatternscor-
respondto differentranksof thegeneralizedstructuretensor
JN , seeTable2.

The purposeof our papercanbe understoodby analogy
with the caseof only onemotion. Obviously, in caseof no
imagestructure,no motioncanbedetermined.In caseof 1D
spatialstructure(e.g. straightedges)the motion is still not
de�ned andthis is eithersolvedby not estimatingmotionat
1D patternsor, in mostcases,by estimatingonlyacomponent
of themotionvectorthatisorthogonalto theorientationof the
1D spatialpattern.For morethanonemotion,we encounter
many moresituationsthataresimilar to theapertureproblem
in thesensethatnot all motionparameterscanbeestimated.
Thisgeneralizedapertureproblemis thereforemorecomplex.

1.1 Single Motion Estimation Using the Structur e Ten-
sor

We�rst review amethodfor modelselectionbasedonsim-
plecon�dencemeasuresfor thecaseof only asinglemotion.
Thiswill makeourextensionsto multiplemotionsmorecom-
prehensible.
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The structuretensormethod[7, 15] is a local approach
for the estimationof motion vectors. This methodrelieson
theassumptionthat the intensityor color of a point doesnot
changewhenthepoint moves[12]. This assumptionleadsto
thewell known ConstantBrightnessConstraintEquation

vx f x + vy f y + f t = 0; (1)

where f (x ; t) representsthe image sequenceand v =
(vx ; vy )T the motion �eld. Eq. (1) doesnot fully constrain
v at a given position x and thereforev is estimatedunder
theassumptionof beingconstantin a spatio-temporalregion

 . This assumptionis equivalentto theassumptionthat, for
(x ; t) in 
 ; thegradientof f lies in a planewhosenormalis
parallel to (vx ; vy ; 1)T : Estimationis performedby looking
for a unitary vectorn = (nx ; ny ; nt )T that bestrepresents
thenormalof suchaplanein a leastsquaresense,i.e.,amin-
imal point of thefunctional

E1(n ) =
Z



[r f � n ]2 d
 : (2)

Sucha vectorn is given,up to a scalingfactor, by aneigen-
vectorassociatedto thesmallest,andideallyzero,eigenvalue
of theso-calledstructuretensor:

J 1 =
Z




2

4
f 2

x f x f y f x f t

f x f y f 2
y f y f t

f x f t f y f t f 2
t

3

5 d
 (3)

For d
( x ; t) = ! (x ; t) dx dt, J 1 canbesimplycomputedas

J 1 = ! � r f 
 r f = ! �
�
r f r f T �

(4)

NotethatsinceE1 is homogeneous,bothn and� n aremini-
malpointsof E1. Actually, � n minimizesE1 whentheargu-
mentsof E1 arevectorswith norm�: Therefore,wecanthink
of n ashomogeneouscoordinatesfor v andsimplywrite

v = [vx ; vy ; 1]T = [nx ; ny ; nt ]T (5)

It followsthattheestimationof n , andthereforev, is reliable
only if rank J 1 is two. Thereforethegoodnessof �t for the
estimatorcan be assessedbasedon the eigenvaluesof J 1:
Notehowever thatevenfor the idealcase,rank J 1 = 2; the
vectorn doesrepresentmotiononly if n t 6= 0:

An interestingpropertyof thestructuretensoris that,be-
sidesallowing for motion estimation,it encodesa local de-
scriptionof theimagesequencef (x ; t): Underconstantmo-
tion v; thesequencef canbedescribedby

f (x ; t) = g(x � tv) (6)

within 
 . Therefore,a rank J 1 = 0 correspondsto themo-
tionof regionswith constantintensity(� ) andany motionvec-
tor is admissiblein this region; rank J 1 = 1 correspondsto
the motion of a straightpattern(j), in this caseadmissible
motion vectorsareconstrainedby a line; othermoving pat-
terns(� ) correspondto the rank J 1 = 2; andnon-coherent
motion like noise, popping up objects,etc. correspondto
rank J 1 = 3: Table 1 summarizesthesecorrespondences.

Moving Patterns rank J 1

� 0

j 1

� 2

others 3

Table 1. Diff erent moving patterns and the
ranks of the structure tensor: (� ) constant in­
tensity pattern; (j) 1D pattern; (� ) 2D patterns.

2. The GeneralizedStructur eTensor

Our approachis basedon the framework for estimating
multiple motionsas introducedin [18] that we will brie�y
summarizehere.An imagesequenceconsistingof two trans-
parentlayersis modeledas

f (x ; t) = g1(x � tu ) + g2(x � tv ); (7)

whereu = (ux ; uy ) andv = (vx ; vy ) arethe velocitiesof
therespective layers.In homogeneouscoordinates,thebasic
constraintequationis

cxx f xx + cxy f xy + cyy f yy + cxt f xt + cy t f y t + ctt f tt = 0; (8)

wherec = (cij )T is givenby

cij =

(
uj vj if i = j
ui vj + uj vi otherwise.

(9)

with ut = vt = 1: As in the single motion case,Eq. (8)
implies that the Hessianof f lies in a hyperplaneof a six-
dimensionalspace(the spaceof 3 � 3 symmetricmatrices)
whosenormalis the symmetricmatrix C with entriescij if
i = j andcij =2 if i 6= j . Proceedingin a way similar to the
singlemotioncase,c is estimatedastheeigenvectors related
to thesmallesteigenvalueof thetensor

J 2 =
Z




2

6
6
6
4

f 2
xx f xx f xy � � � f xx f tt

f xx f xy f 2
xy � � � f xy f tt

...
...

...
f xx f tt f xy f tt � � � f 2

tt

3

7
7
7
5

d
 : (10)

or in shortnotation

J 2 = ! � d2f 
 d2f = ! �
�
d2f d2f T �

; (11)

whered2f = (f xx ; f xy ; f yy ; f xt ; f y t ; f tt )T : Thereforea reli-
ableestimationof c is possibleonly if rank J 2 = 5: Note
however thats representsthemotionvectorsof a transparent
imagesequenceonly if its last coordinateis different from
zero. This conditionis necessarybut not suf�cient. A suf�-
cientconditionfor s to representtransparentmotionis given
in AppendixA.
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Moving Pattern ProjectiveRepresentation rank J 1 rank J 2 rank J 3

� theemptyset 0 0 0

j apoint 1 1 1

j + j 2 points 2 2 2

j + j + j 3 points 3 3 3

� a line 2 3 4

� + j a line + apoint 3 4 5

� + j + j a line + 2 points 3 5 6

� + � 2 lines 3 5 7

� + � + j 2 lines+ apoint 3 6 8

� + � + � 3 lines 3 6 9

others others 3 6 10

Table 2. Diff erent motion patterns (�r st column) and the ranks of the generaliz ed structure tensor s for
1, 2, and 3 motions (table rows). This table summariz es our results by sho wing the correspondence
between the diff erent motion patterns and the tensor ranks that can, in turn, be used to estimate the
con�dence for a par ticular pattern, i.e., a proper motion model. Note that the rank of JN induces a
natural order of comple xity for patterns consisting of N additive layers.

Theapproachdescribedabovefor two motionscanbeex-
tendedto estimatethemotion�elds of anadditivesuperposi-
tion f (x ; t) of N transparentimagelayersg1; : : : ; gN moving
with constantbut differentvelocitiesv 1; : : : ; vN :

It is known [18] that f andthe velocitiesareconstrained
by

MX

j =1

cI j f I j = 0 (12)

wheref I j ; j = 1; : : : ; M = 1
2 (N + 1)(N + 2) aretheinde-

pendentN th-orderpartialderivativesof the imagesequence
f ; i.e., I j = (i j 1 ; : : : ; i j N ) is anorderedsequencewith com-
ponentsin f x; y; tg andf I j is theN th-orderpartialderivative
of f with respectto thecomponentsof I j : Themixedmotion
parameterscI arethesymmetricfunctionof thecoordinates
of V n = vn + et , for n = 1; : : : ; N ; andet is thetimeaxis.

Thegeneralizedstructuretensorfor N motionsis de�ned
by

J N =
Z




2

6
6
6
4

f 2
I 1

f I 1 f I 2 � � � f I 1 f I M

f I 1 f I 2 f 2
I 2

� � � f I 2 f I M

...
...

...
f I 1 f I M f I 2 f I M � � � f 2

I M

3

7
7
7
5

d
 (13)

andcanbewritten in shortnotationas

JN = ! � dNf 
 dNf = ! �
�
dNf dNf T �

; (14)

where dNf = (f I 1 ; f I 2 ; : : : ; f I M )T : In this case,the vector
cN = (cI 1 ; cI 2 ; : : : ; cI M )T is a null eigenvectorof JN and,
in practice,estimatedastheeigenvectorsN associatedto the
smallesteigenvalueof J N . Thevelocitiesarerecoveredfrom
sN by the methoddescribedin [18], which is analyticalfor
up to four motion layers. Obviously, the mixed-motionpa-
rameterscN can be computedonly if the null eigenvalue
is non-degenerated.In what follows, we will show which
transparentmoving patternscorrespondto othervaluesof the
rank of J N : As mentionedfor two motions,thezeroeigen-
valueis notasuf�cient conditionfor sN to actuallyrepresent
transparentmotions. Caseswherethis doesnot happenwill
beignoredin thefollowing but discussedin theAppendixB.

In analogyto singlemotions,we will now analyzegener-
alizedaperture problemsasde�ned by thedegreeof degen-
eracy of theeigenvaluesof JN andre�ected in the ranksof
JN , seeTable2.

Theproblemof motionestimationhasoftenbeenstudied
in theFourierdomainandit is known thatadditive transpar-
entmoving patternscorrespondto theadditive superposition
of Dirac planesthroughthe origin. In the Fourier domain,
Eq. (8, 12) correspondto homogeneouspolynomials. The
studyof homogeneousequationsis greatlysimpli�ed by the
useof theprojectiveplane.Therefore,we introduceaprojec-
tive transformof f below.
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(a) (b) (c)

(d) (e) (f)

Figure 1. If two gratings of diff erent orienta­
tions ­ as sho wn in (a) and (b) ­ are moved in
the directions sho wn in (c), the plaid pattern
sho wn in (d) is seen as moving in the direc­
tion indicated in (f) whic h corresponds to the
onl y coherent velocity that is de�ned by the in­
tersection of the projective lines as sho wn in
(e).

3. Representationof Multiple Motions in the Projective
Plane

Let F betheFouriertransformof f and� = (� x ; � y ; � t )T

theFouriervariable,wede�ne aprojectivetransformof f by

Pf [� x ; � y ; � t ] =
1
�

Z + 1

�1
jF (s� x ; s� y ; s� t )j ds; (15)

where� = (� 2
x + � 2

y + � 2
t )

1
2 : Note that the right-handside

of the above equationdoesnot dependon the length of � .
Sinceplanesandlines of an Euclideanspacecorrespondto
linesandpointsof theprojectiveplane(seeAppendixB), this
transformallowsusto think of themotionlayersof f (x ; t) as
pointsandlinesof theprojectiveplane.Besidesthereduction
of dimension,theprojectiveplaneestablishesa naturaldual-
ity betweenlines andpointsthat is not presentin Euclidean
geometry. This is becausea (projective) line ` is exactly de-
scribedby anequationof theform

ax + by+ cz = 0: (16)

Thusany line ` correspondsto a dual point [a; b;c] andvice-
versa.

To illustrate the usefulnessof the framework, we show
how to geometricallydeterminethe velocity of a given 2D

moving pattern: the moving patternis mappedto a planein
theFourierdomain,from whereit is furtherprojectedto the
projectiveplanewhereit is a Dirac line. Finally, thevelocity
is foundby applyingtheduality, heredenotedwith D, to the
Dirac line. Theprocessis schematicallyshown below:

moving 2D pattern
F

� � plane
P

� � line
D

� � velocity.

In the caseof a moving 1D-patterng(x ) = ~g(a � x ), e.g.a
spatialgrating,theFouriertransformreducesto a line,andits
projectivetransformto apoint. Thedualityoperationwill de-
terminethesetof admissiblevelocitiesfor thegratingwhich
is a line in theprojectiveplane:

moving 1D pattern
F

� � line
P

� � point
D

� �
line of admissible

velocities.

As anotherexample,we show how to determinethe co-
herentmotionof superimposedgratings(plaids)[1, 19]: the
setof admissiblevelocitiesfor eachlayer is a line, the inter-
sectionof thesetwo lines is theonly admissiblevelocity for
bothlayers,thatis, thecoherentvelocityfor theplaid. Further
exampleswill begivenin Section4.

We summarizethe main pointsbelow (for further details
seeAppendixB):

� The projective transformof transparentmotionsis the
superpositionof Dirac lines in the projective plane(in
caseof moving 2D patterns).

� Thedualpoint to eachDirac line in theprojectiveplane
is thevelocityof therespective layer.

� A moving 1D patterncorrespondsto aDiracpoint in the
projectiveplane.In thiscaseany admissiblevelocityfor
thegratingis a point on theline thatis dualto theDirac
point in theprojectiveplane.

� Dirac lines intersectat an ideal point if andonly if the
correspondingpatternsmovein thesamedirection(with
differentspeeds).

� Theidealline correspondsto astaticpattern.

Theprojectivetransformandits propertiesestablishaone-
to-onecorrespondencebetweendifferentmotionpatternsand
subsetsof the projective plane(points and lines). Further-
more,thesedistinctcon�gurationsin theprojectiveplaneare
in a one-to-onecorrespondenceto the rank of J N . Table2
summarizesthesecorrespondencesanddetailsof how these
correspondenceshave beenestablishedaregiven in the Ap-
pendixA. Furtherbene�tsof theprojective-planerepresenta-
tion of motionwill becomeevidentin thenext section.

4. Applications to SomePerceptualPhenomena

For thecaseof only onemotion,theapertureproblemhas
a high signi�cance for the visual perceptionof motion. As
arguedbefore,themotionof a 1D patternis ambiguousfrom
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(a) (b) (c)

(d) (e) (f)

Figure 2. Coherent motion of three superim­
posed gratings. To the superposition of two
gratings (a) a thir d grating sho wn in (b) is
added. The physical motions of the three grat­
ings are as sho wn in (c) and the lines of ad­
missib le velocities for each grating in (e). The
percept is that of a coherent pattern as sho wn
in (d) moving in the direction indicated by the
arrow in (f). The coherent percept of one mo­
tion corresponds to the inter section of the lines
in onl y one point.

atheoreticalpointof view, andsoaretheperceptsin thesense
that they dependon themotion of theso-calledterminators,
i.e. theendsof the1D patterns.

Similareffectsappearwith superimposedgratingsthatcan
inducemotionperceptsthataredifferentfrom thedirections
orthogonalto theindividualgratings.For example,two grat-
ings, onemoving down andto the left, the otheronemov-
ing down andto the right, areperceived asa singlepattern
moving downwardsundermostexperimentalconditions- see
Fig.2. Ontheotherhand,threemoving gratingscangiverise
to threemutuallyexclusivepercepts[1].

We arenow going to explain thesephenomenausingour
theoreticalframework presentedabove. We will also show
thatour framework predictsan illusion for thesuperposition
of a gratingwith a randomdot �eld andthengive someex-
perimentaldatafor this illusion.

Finally, wewill alsogivesomedatafor thediscrimination
of multiple motions. We will show that it is, in principle,
possibleto distinguishbetween2, 3, and4 overlaidmotions.
It seemsthatthelimiting factoris not thenumberof motions
but rathertheangularseparationof motionvectors,which is,
in turn, relatedto the rank of J n . Preliminaryresultshave

(a) (b) (c)

(d) (e) (f)

Figure 3. Incoherent motion of three superim­
posed gratings. The sub­�gures are accor ding
to those in Fig. 2. However, the directions of
motions are now chang ed suc h that the lines of
motion in the projective plane do not inter sect
in a single point (e). This makes the motions
unde�ned and causes the percept to chang e
dramaticall y suc h that a coherent motion is not
perceived. Obser vers can see either of the sin­
gle motions indicated in (f) (the other two mo­
tions are seen either individuall y or grouped to
a plaid motion).

beenpresentedin [10].

4.1 Two 1D Transparent Moving Gratings

In theprojectiveplane,two moving gratingscorrespondto
thef line, linegcase- seeTable2. Accordingto thetheory, the
perceivedmotionshouldcorrespondto theintersectionpoint
U of thetwo linesandindeedit does- seeFig. 1.

4.2 Thr ee1D Transparent Moving Gratings

In thecaseof threemoving gratings,a perceptof oneco-
herentpatternonly ariseswhenall threelinesintersectin the
samepoint. This is, for example,thecasefor thecon�gura-
tion shown in Fig. 2. On the otherhand,a con�guration as
shown in Fig. 3 hasno uniquepercept:humanobserverssee
thethree1D patternsasmoving individually or seecombina-
tionsof one1D patternanda 2D plaidpattern.
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(a)

(b) (c)

Figure 4. Stim ulus generation for the 2D­over­
1D entrainment (a). Admissib le velocities for
the grating (line) and for the 2D stim ulus (point)
are perceived as single motion (c).

4.3 Entrainment Effect for 2D Patterns Over 1D Pat-
terns

A spatial�eld of dotssuperimposedon a grating(Fig. 4)
correspondsto thef line, pointg case.If thepoint fallson the
line, thegratingshouldseemto move in coherencewith the
randomdots.To testthishypothesis,wegeneratedsinusoidal
gratingsof frequency � = 1=8, orientation = k� =4; k =
1; ::; 8, andviewing anglesize10� � 10� . Theseweretrans-
latedperpendicularto their orientation(� g =  � � =2) with
a velocity of vg = 1:6� =s. Mean brightnessof the screen
was10cd=m2. Then,a 2D dot patternwith samebrightness
distribution was overlaid to the grating and translatedwith
direction� r = � g � � =4 andvelocity vr = vg=

p
2, so that

onecomponentof themotionvectoralwayscoincidedin the
gratingandthemoving dot pattern.15 of thesestimuli were
presentedto 7 humansubjectsfor 1.6 seconds.After pre-
sentationof eachstimulus,subjectshadto rotateanarrow to
indicatethedirectionof thegratingthey hadperceived. The
deviationof subjects'responsesfrom thetruedirectionof the
gratingis givenin Fig. 7(a). If thedotpatternhadexertedno
in�uence on the perceptfor the gratingat all, a singlepeak
at 0� could be expected.Analogously, a singlepeakat 45�

would indicatethatsubjectsalwaysperceiveda singlecoher-
entpattern.Notethatthesmallpeakat 135� actuallydepicts
casesof 45� deviationsinceit canbeattributedto theinduced
motion phenomenon(the sameeffect that makesus seethe

Figure 5. Example of a 1/f noise stim ulus

platformmoving while sitting in amoving train).

4.4 Entrainment Effect and the Barberpole Illusion

Theshapeof an aperturethroughwhich a gratingis seen
canstronglyin�uence motionperception.This phenomenon
is called the barberpoleillusion. For example,the straight
linesin Fig. 6 seemto changetheir directionalongtheir path
behindthe aperture[26]: the bar movesasindicatedby the
arrows andthe perceived motion is indicatedby the dashed
line.

To show that the entrainmenteffect is able to override
the barberpoleillusion, we designedthe stimuli illustrated
in Fig. 6. We masked the moving grating by an aperture
perpendicularto the orientationof the grating. This should
strengthentheperceptof motion in a directionorthogonalto
thegrating. As anadditionalmodi�cation, only thetermina-
torsof thegratingwereoverlaidwith a randomdot �eld that
movedin onecoherentdirection.Becausethis led to therise
of new terminatorsat the boundaryof the coherentrandom
dot �eld, the remainingmiddle of thestimuluswasoverlaid
with a white-noisepattern,which hadthe samedensityand
brightnessas the coherentnoisepattern. Nevertheless,the
entrainmenteffect seenin Fig. 7(b) is still qualitatively simi-
lar to that in Fig. 7(a)which shows that theeffect dominates
over thein�uence of theaperture.

4.5 Discrimination of Multiple Transparent Motions

Theperceptionof multipleoverlaidmotionshasalsobeen
investigatedby countingthe numberof layersthat a person
candiscriminateandit hasbeenarguedthat it is impossible
to discriminatemorethantwo transparentmotions[20]. To
analyzethenatureof this apparentbottleneckwe performed
thefollowing experiments.

Stimuli consistedof 253ms long, 10� � 10� sizedimage
sequencesmadeof either2, 3, or 4 translated1/f-noisepat-
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(a) (b)

Figure 6. Barberpole illusion (a). Stim ulus with aper ture orientation perpendicular to that of the 1D
grating, random noise in the center , and a random dot �eld moving coherentl y in the horizontal plane
(b).

ternsthat wereoverlaid. 1/f-noiseimagesarecharacterized
by an hyperbolically-shapedspectrum,e.g. a high propor-
tion of low-frequency contentandfew high-frequency com-
ponents.Thispropertyhasbeenchosento resemblestatistical
propertiesof naturalimages[2]. For anexample,seeFig. 5.
Notethatwhenseveralof theseimagesareoverlaid,thischar-
acteristicis preserved;therefore,onecannotdetectthenum-
ber of overlaid motionsfrom still imagesalone. Thesepat-
ternsweretranslatedwith 12� =s. Thedirectionalseparation
of themotionvectorswas15; 30; :::; 180� respectively. Sub-
jects then had to indicate,in a 5 alternatives forced choice
paradigm,whetherthey hadperceived1,2, 3,4,or 5 motions.
In additionto theexperimentsdescribedabove,weperformed
anadditionalsetof experimentsthatdifferedonly by thefact
thatwe usedrandomdotpatternsinsteadof the1=f patterns.

Resultscan be seenin Fig. 8 and 9. Note that overall
the discriminability increaseswith the angularseparationof
the motions. Also note, however, that the dif�culty of the
discriminationtask increaseswith the numberof motions.
Nevertheless,threemotionscanbe well discriminatedwith
suf�cient angularseparation.We thereforesuggestthat the
angularseparationis the main limiting factor, which is, of
course,in turn limited by thenumberof motions.As shown
in Fig.10,thiseffectcanbepredictedqualitatively in termsof
con�dencemeasuresbasedon thegeneralizedstructureten-
sor. Thecon�dencemeasureis obtainedastheinverseslope
of the line �tted to the distribution of the logarithm of the
M � 1 largesteigenvaluesof thegeneralizedstructuretensor.
The inverseslopevaluesareshown normalizedto the range
[0; 1]: Similar resultswouldbeobtainedfor the1=f patterns.

5. Discussion

We have presenteda methodfor categorizingtransparent-
motionpatternsin termsof theranksof thegeneralizedstruc-
ture tensors.Basedon our results,the con�dencefor a par-
ticularpatterncanbeevaluatedcomputationallyby eitherde-
terminingtherankJN or by usingtheminorsof thestructure

tensors[18]. For example,we candiscriminatethe caseof
two superimposed1D patterns(moving plaid) anda 2D pat-
tern moving in the direction of the coherentmotion of the
plaidpattern.

Our resultscanbeseenasan extensionof theconceptof
intrinsic dimension[28, 5]. In thecurrentframework, thein-
trinsicdimensioncorrespondsto therankof J 1. As shown in
Table2, by introducingthe generalizedstructuretensor, we
canfurtherdifferentiatethesignalclassesof agiven(integer)
intrinsic dimension. In somesense,we therebyde�ne frac-
tional intrinsicdimensions.

Althoughmotionestimationis a key componentof many
computer-vision and imageprocessingsystems,the motion
modelsareoften too simpleandfail with realisticdata.Our
resultsprovide(i) new meansfor increasingthecomplexity of
themotionmodelsand(ii) measuresfor determiningthecon-
�dence for aparticularmodel.Weshouldnotethattheframe-
work canbeappliedto make explicit thecorrespondencebe-
tweentheranksof JN , for avalueof N largerthan3, andthe
differentmoving patterns.

The theorypresentedin this work providesa conceptual
understandingof thedif�culties in theestimationof multiple
transparentmotions,which aredueto the generalizedaper-
ture problem. We have usedthe projective transformto es-
tablisha correspondencebetweentherankof thegeneralized
structuretensorand different transparentmoving patterns.
Note, however, that the generalizedstructuretensoris de-
rivedby integrationof thederivativesof the imagesequence
in a local neighborhoodandassuchcanbe usedfor the es-
timationof transparentmotion in thatneighborhood,includ-
ing situationswerethemotion vectorsmayvary over space.
For theestimationof N transparentmotions,N th-orderpar-
tial derivativesareinvolved.Theubiquitouspresenceof noise
canbecompensatedby pre�ltering thesequenceswith proper
kernels,see[18]. Suchpre�ltering is equivalentto theuseof
more general�lters insteadof the derivativesand can thus
breakthe unfavorablerelationshipbetweenthe orderof dif-
ferentiationandthesensitivity to noise.
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Figure 7. Data illustrating the entrainment effect of a 2D pattern over a 1D grating. No aper ture (a).
Aper ture orientation perpendicular to that of the 1D grating (b).

Finally, wehavealsoshown how ourresultscanbeusedto
explain somephenomenain biological vision. In particular,
theconceptof theprojectiveplaneprovedusefulfor describ-
ingandvisualizingdifferentvisualpercepts.Furthermore,we
demonstratednew illusionaryperceptsthatarein accordance
with theambiguitiesthatonewouldexpectfrom thetheory.
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ing, pages633–9,Lübeck,Germany, Oct.16–18,2003.

[17] C. Mota,M. Dorr, I. Stuke,andE. Barth. Analysisand
synthesisof motionpatternsusingtheprojectiveplane.
In HumanVision and Electronic Imaging Conference.
16th Symposiumon Electronic Imaging Scienceand
Technology, SanJose,CA, Jan.19–22,2004. To ap-
pear.

[18] C. Mota, I. Stuke, and E. Barth. Analytic solutions
for multiple motions. In Proc. IEEE Int. Conf. Image
Processing, volume II, pages917–20, Thessaloniki,
Greece,Oct.7–10,2001.IEEE SignalProcessingSoc.

[19] J. A. Movshon, E. H. Adelson, M. S. Gizzi, and
W. T. Newsome. The analysisof moving visual pat-
terns. In C. Chagas,R. Gattas,andC. Gross,editors,
Studygroup on pattern recognition mechanisms, vol-
ume54,pages117–151.Ponti�ciae AcademiaeScien-
tiarumScriptaVaria,VaticanCity, 1985.



Submittedto InternationalJournalof Computer& InformationScience 10

0 20 40 60 80 100 120 140 160 180
0

0.2

0.4

0.6

0.8

1

2 motions

Angular Separation

C
on

fid
en

ce

0 20 40 60 80 100 120
0

0.2

0.4

0.6

0.8

1

3 motions

Angular Separation

C
on

fid
en

ce
Figure 10. Simulation results obtained for the same patterns as the experimental results sho wn in
Fig. 9.

[20] J.B. Mulligan. Motion transparency is restrictedto two
planes.Inv OphthVis Sci(suppl), 33:1049,1992.

[21] M. Shizawa andK. Mase. Simultaneousmultiple op-
tical �o w estimation. In IEEE Conf. ComputerVision
and Pattern Recognition, volumeI, pages274–8,At-
lantic City, NJ,June1990.IEEE ComputerPress.

[22] M. Shizawa and K. Mase. A uni�ed computational
theoryfor motiontransparency andmotionboundaries
basedon eigenenergy analysis. In IEEE Conf. Com-
puter Vision and Pattern Recognition, pages289–95,
Maui, HI, June1991.IEEEComputerPress.

[23] I. Stuke, T. Aach, E. Barth, andC. Mota. Estimation
of multiple motionsusingblock-matchingandmarkov
random�elds. In S. Panchanathanand B. Vasudev,
editors,Visual CommunicationsandImage Processing
2004, IS&T/SPIE16th AnnualSymposiumElectronic
Imaging, SanJose,California, Jan.18–22,2004. To
appear.

[24] I. Stuke,T. Aach,C. Mota,andE. Barth. Estimationof
multiplemotions:regularizationandperformanceeval-
uation. In B. Vasudev, T. R. Hsing,A. G. Tescher, and
T. Ebrahimi,editors,ImageandVideoCommunications
and Processing2003, volume5022of Proceedingsof
SPIE, pages75–86,May 2003.

[25] D. Vernon. DecouplingFourier componentsof dy-
namicimagesequences:a theoryof signalseparation,
image segmentationand optical �o w estimation. In
H. BurkhardtandB. Neumann,editors,ComputerVi-
sion - ECCV'98, volume1407/II of LNCS, pages68–
85.SpringerVerlag,Jan.1998.

[26] S. Wuerger, R. Shapley, andN. Rubin. On the visu-
ally perceiveddirectionof motionby HansWallach:60
yearslater. Perception, 25:1317–67,1996.

[27] W. Yu, K. Daniilidis, S. Beauchemin,and G. Som-
mer. Detectionandcharacterizationof multiplemotion
points. In IEEE Conf. ComputerVision and Pattern
Recognition, volumeI, pages171–7,Fort Collins,CO,
June23–25,1999.IEEE ComputerPress.

[28] C. ZetzscheandE. Barth. Fundamentallimits of lin-
ear�lters in the visual processingof two-dimensional
signals.VisionResearch, 30:1111–7,1990.

A. The Null-Eigenvector of J N and the Motion Vectors

The null-eigenvector of J N representsN transparent-
motionvelocitiesif it is possibleto solve thevectorialequa-
tion

c(v1; : : : ; vN ) = sN (17)

for v1; : : : ; vN : In thecaseof two motions,thisequationcan
bewritten in matrix form as

S2 =
stt

2

�
(ux ; uy ; 1)T (vx ; vy ; 1)

+ (vx ; vy ; 1)T (ux ; uy ; 1)
�
; (18)

whereS is the matrix with entriessij if i = j andsij =2 if
i 6= j: Therefore,s2 representstwo transparentmotionsif
andonly if

det S2 = 0

det S11
2 + det S22

2 + det S22
2 < 0;

stt 6= 0

(19)
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wheredet S j j arethediagonalminorsof S; e.g.,det S33 =
sxx syy � s2

xy =4: Eq.(18)canbeeasilyextendedto morethan
two motionsbut we could not �nd any expressionsfor the
resultingSN analogousto thosein Eq. (19). Nevertheless,
it hasbeenshown in [18] that the solutionsof Eq. (17) can
beexpressedastherootsof acomplex polynomialwhoseco-
ef�cients areexplicitly given in termsof sn : If vc

1; : : : ; vc
N

are the roots of this polynomial, a necessaryand suf�cient
condition for sN to representtransparent-motionvectorsis
therefore

sN = c(v c
1; : : : ; vc

N ): (20)

B. The ProjectivePlane

The projective plane is the set of all directions in the
three-dimensionalEuclideanspace. Thesedirections (the
pointsof the projective plane)canbe representedby homo-
geneouscoordinates[x; y; z]: A pair of homogeneouscoor-
dinates[x; y; z]; [x0; y0; z0] representsthe samepoint if and
only if (x; y; z) = � (x0; y0; z0) for somenon-zerofactor�: A
pointwith coordinates[x; y; 0] is calledanidealpointandthe
setof idealpointsis calledtheideal line.

A point (x; y) in a Euclideanplanecorrespondsnaturally
to a projective point by the identi�cation (x; y) = [x; y; 1]:
Therefore,we canthink of theprojective planeastheunion
of theplanez = 1 andtheidealline.

Relevant Propertiesof the ProjectivePlane

Below wesummarizethepropertiesof theprojectiveplane
thatareusefulfor ouranalysisof moving patterns:

� Dimensionreduction:linesandpointsof theprojective
planecorrespondto planesandlines throughtheorigin
of thethree-dimensionalspacerespectively;

� Duality: eachline ` of theprojectiveplaneis associated
to a dual point V by the correspondingorthogonality
of planesand lines in the three-dimensionalEuclidean
spaceandvice-versa;

� No parallelism:any two linesof theprojectiveplanedo
intersect;

� Two projectivelinesintersectatanidealpointif andonly
if theirdualpointsandet arealigned.

C. The Rank of JN

Fromthediscussionin Section3, wehaveseenthattheset
of admissiblevelocitiesof a moving layerg is thedualspace
to thesupportof PG . This dualsetis calledthephasespace
for thevelocitiesof g. In whatfollows,we will supposethat
no pair of layersforming f moveswith collinearvelocities
and noneof the layers is static. This meansthat the lines
supportingtwo non-degeneratedDirac linesalwaysintercept
at a �nite (non-ideal)point.

U

V

W

(a)

U

W V

W
~

(b)

Figure 11. Admissib le velocities of overlaid­
motions patterns in the projective plane: (a)
two overlaid 1D patterns, U is the coherent
velocity , c(u ; u ); c(u ; v); c(u ; w ); c(v ; w ) are in­
dependent null­eig envector s of J 2; (b) same
for one 1D pattern and two 2D patterns,
c(u ; v; w ) and c(u ; v; ~w) are independent null­
eigenvector s of J 3.

The mixed-motionparametersvectorscN = c(v1; : : : ;
vN ) can be interpretedas elementsof the spaceof sym-
metric N -tensors(here denotedby SN ). Therefore, if
� = f U ; V ; W g is a basis for the three-dimensional
Euclidean space, the set f c(v1; : : : ; vN ) : V n 2 � ;
for n = 1; : : : ; N g is a basis for SN : For example,
f c(u ; u); c(u ; v); c(u ; w ); c(v; v); c(v; w ); c(w ; w)g is a
basisfor S2. We will usethis relationshipbetweenbasisof
R3 andSN to constructamaximalnumberof elementsin the
kernelof J 2 andJ 3. By `kernelof JN ' we denotethesetof
vectorsthatcorrespondto thezeroeigenvaluesof JN .

The Rank of J 2

For two moving layers,thenon-trivial possibilitiesfor the
phasespaceof thevelocitiesarea f line,lineg, f point, lineg,
f point,pointg.

line, line: Chooseabasis� = f U ; V ; W g of R3 suchthat
U is the intersectionof thetwo lines,andV andW belong
to eachof theselines, seeFig. 11(a). Now it is clear that
c(u ; u ), c(u ; v), c(u ; w ) and c(v ; w ) are elementsin the
kernelof J 2. Sincethesevectorsare linearly independent,
we canconcludethatrank(J 2) � 2.

line, point: ChooseU asthepoint andV ; W in the line.
Thevectorsc(u ; v), c(u ; w ) arenull-eigenvectorsof J 2 and
thereforerank(J 2) � 4.

point, point: ChooseU ; V asthetwo pointsandW freely.
The only elementin the kernel of J 2 is c(u ; v), therefore
rank(J 2) � 5.

We found the above boundsto the rank(J 2) given two
moving patterns.Sinceit is possibleto reachthesebounds,
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they areactuallytight. Notethat two moving patternsdo not
producerank1 or 3. Theseranksareactuallyproducedby a
singlemoving object.Thephasespacefor thetwo velocities,
in thiscase,is f line,planeg or f point,planeg. Weanalyzethe
�rst casebelow, theotheris similar.

line, plane: ChooseU ; V aspointsin the line andW out
of it. Theonly elementthatdoesnot belongto thekernelof
J 2 is c(w ; w) andthereforerank(J 2) = 1:

The Rank of J 3

For threemoving patterns,thenon-trivial possibilitiesfor
the phasespacesof the velocities are a f line, line, lineg,
f point, line, lineg, f point, point, lineg, and f point, point,
pointg which correspondto the values3, 6, 8, and9 of the
rankof J 3. Sincetheanalysesof thesecasesareverysimilar,
we consideronly thetwo lastcases.

point, point, line: ChooseU ; V as the pointsandW in
the line, seeFig. 11(b). In principle it appearsthat only the
elementc(u ; v; w ) belongsto the kernelof J 3. Also note
that any two lines intersectin the projective plane. Let ~W
bethe intersectionof thegivenline with the line determined
by U andV . Now, if we assurethat W doesnot coincide
with ~W , we �nd the secondindependentsymmetrictensor
in the kernel of J 3, that is, c(u ; v; ~w): We concludethat
rank(J 3) � 8. Sincetheseareall the possibilities,except
maybefor degeneratecases,thebound8 is tight.

point, point, point: ChooseU ; V ; W as thesepoints.
Only c(u ; v; w ) belongs to the kernel of J 3. Hence,
rank(J 3) = 9 exceptfor degeneratecases.

Similar to the caseJ 2, threemoving patternsdo not �ll
all thepossibilitiesfor therankof J 3. Thegapsare�lled by
singleor two moving patterns.Thesecorrespondto ranks1,4
and2,5,7respectively. Table2 summarizesthe possibilities
for theranksof JN for N = 1; 2; 3.
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