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Abstract

Basedon a new framework for the descriptionof N trans-
parentmotionswe cateyorize differenttypesof transparent-
motionpatterns Con dencemeasure$or the presencef all
theseclasseof patternsarede ned in termsof the ranksof
the generalizedstructuretensor To resole the correspon-
dencebetweenthe ranksof the tensorsand the motion pat-
terns, we introducethe projectve plane as a new way of
describingmotion patterns. Transparentnotionscanoccur
in video sequencesandarerelevantfor problemsin human
and computervision. We shav a few examplesfor how
our framawork can be appliedto explain the perceptionof
multiple-motionpatternsanddemonstrate new illusion.

Keywords: Humanandcomputervision, multiple transpar
entmotions,generalizedtructuretensor

1. Intr oduction

Motion estimationhasmary applicationan computervi-
sion,e.g.,videocoding,imagetracking,imageenhancement,
depthrecovery, etc. Accordingly, variousalgorithmsfor mo-
tion estimationareknown, see[3, 11] for reviews. However,
theproblemof motionestimatioris alwayslinkedto theprob-
lem of motion detectionandthe selectionof the appropriate
motionmodel. This is becaus¢he assumptionsinderwhich
the motion parametergan be estimatedcorrectly arerarely
ful lled in real dynamicscenes.In fact, motion estimation
is anill-posedproblem[6] andalgorithmsrely on somesort
of local or global regularizationof the motion eld in order
to producemeaningfulresults. The so-calledapertureprob-
lem, noise,occlusionsappearingbjects,andtransparencies
in imagesequencesreatesituationsvheremotionestimation
becomedlif cult. Thereforeacorrectdecisiononwhatlocal
or globalmotion modelto useis asimportantasthe estima-
tion of themotionparameters.

Motion selectvity is alsoa key featureof biological vi-
sualprocessingandhasbeenstudiedby recordingsof neural
responsesind by psychophysicakxperiments. Humanob-
senersare ableto seeand distinguishmultiple transparent
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motions. A specialcaseis that of overlaid 1D motions,i.e.,

the caseof moving straightpatterns.Of particularinterestis

how humanobsenrersresohe the ambiguitiesthatareinher

entin thistypeof patternd1, 26, 14] andhow visualneurons
respondo suchpatternq19].

Transparentnotionsare additive or multiplicative super
positionsof moving patternsand occur due to re ections,
semi-transparenciesgnd partial occlusions. Different ap-
proachedor the estimationof motion vectorsfor the case
of multiple transparentotionsareknown [21, 8, 9, 13, 25,
27, 18, 24, 23] and meanwhilethe non-lineartransparent-
motionsequationsntroducedby Shizava andMase[21, 22]
have beensolved for an arbitrary numberof motions[18].
Nevertheless,the issue of con dence for multiple-motion
modelshas,to our knowledge,only briey beenaddressed
in [4, 16, 17].

This paperprovidesa framework for the analysisof im-
agesequencewith theoccurrencef transparentnoving pat-
terns,suchthat, for example,the motion of two overlaid 1D
patterns(e.g. two gratings)can be distinguishedfrom the
motion of one 2D pattern(thesepatternsremainequialent
within traditionaltheoriesof only onemaotion). First, we es-
tablisha correspondencbetweenmoving patternsand sub-
setsof theprojective plane.Thisis donesuchthat2D moving
spatialpatternscorrespondo pointsand 1D spatialpatterns
correspondo lines of the projective plane. This correspon-
dences thenusedto show thatdifferentmotionpatternscor
respondo differentranksof the generalizedstructuretensor
Jn , seeTable2.

The purposeof our papercanbe understoody analogy
with the caseof only onemotion. Obviously, in caseof no
imagestructure no motioncanbedeterminedln caseof 1D
spatial structure(e.qg. straightedges)the motion is still not
de ned andthis is eithersolved by not estimatingmotion at
1D patternr, in mostcasesby estimatingonly acomponent
of themotionvectorthatis orthogonato theorientatiorof the
1D spatialpattern. For morethanonemotion, we encounter
mary moresituationghataresimilarto theaperturgroblem
in the sensahatnot all motion parameterganbe estimated.
Thisgeneralize@perturgroblemis thereforemorecomplex.

1.1 Single Motion Estimation Using the Structure Ten-
sor

We rst review amethodfor modelselectiorbasednsim-
ple con dencemeasure$or the caseof only a singlemotion.
Thiswill make ourextensiongo multiple motionsmorecom-
prehensible.
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The structuretensormethod[7, 15| is a local approach
for the estimationof motion vectors. This methodrelieson
the assumptiorthattheintensityor color of a point doesnot
changewhenthe pointmoves[12]. This assumptioreadsto
thewell known ConstanBrightnessConstraintEquation

Vyfy + vy + 1 =0;

@)

where f (x;t) representsthe image sequenceand v =
(vx; )T the motion eld. Eqg. (1) doesnot fully constrain
v at a given positionx andthereforev is estimatedunder
theassumptiorof beingconstanin a spatio-temporategion
. This assumptioris equivalentto the assumptiorthat, for
(x;t) in ;thegradientof f liesin a planewhosenormalis
parallelto (vy;vy;1)": Estimationis performedby looking
for a unitary vectorn = (ny;ny;n;)" thatbestrepresents
thenormalof sucha planein aleastsquaresensei.e.,amin-
imal point of thefunctional
Ei(n)= [rf nl?d : (2)
Suchavectorn is given,upto a scalingfactor by aneigen-
vectorassociatetb the smallestandideally zero,eigervalue
of the so-calledstructuretensor:

2 3
Z f2 fyfy fufy
Ji= A, fy ff fyf¢5d 3
fxfe fyfe f2
For d ( x;t) = ! (x;t)dxdt, J ; canbesimply computedas
Ji="! rf rf=1 rfrffl (4)

NotethatsinceE; is homogeneoudiothn and n aremini-
mal pointsof E;. Actually, n minimizesk; whentheargu-
mentsof E; arevectorswith norm : Thereforewe canthink
of n ashomogeneousoordinategor v andsimply write

v = [V vy 10T = [ngny; g’

(5)

It followsthatthe estimatiorof n, andthereforev, is reliable
only if rank J ; is two. Thereforethe goodnes®f t for the
estimatorcan be assessethasedon the eigervaluesof J ;:
Note however thatevenfor theideal caserank J ; = 2; the
vectorn doesrepresenmotiononlyif n; 6 O:

An interestingpropertyof the structuretensoris that, be-
sidesallowing for motion estimation,it encodesa local de-
scriptionof theimagesequencé (x ; t): Underconstanimo-
tionv; thesequencé canbedescribedy

f(x:t) = g(x (6)

within . ThereforearankJ i = 0 corresponds$o the mo-
tion of regionswith constantntensity( ) andary motionvec-
tor is admissiblein thisregion; rank J ; = 1 corresponds$o
the motion of a straightpattern(j), in this caseadmissible
motion vectorsare constrainedy a line; othermoving pat-
terns( ) correspondo therankJ 1 = 2; andnon-coherent
motion like noise, popping up objects, etc. correspondto
rankJ; = 3: Table 1 summarizeghesecorrespondences.

tv)

Moving Patterns| rank J ;
0
j 1
2
others 3

Table 1. Different moving patterns and the
ranks of the structure tensor: () constant in-
tensity pattern; (j) 1D pattern; ( ) 2D patterns.

2. The GeneralizedStructur e Tensor

Our approachis basedon the framework for estimating
multiple motionsas introducedin [18] that we will briey
summarizenere.An imagesequenceonsistingof two trans-
parentiayersis modeledas

tv); ()

whereu = (uy;uy) andv = (vyx;vy) arethe velocitiesof
therespectie layers.In homogeneousoordinatesthe basic
constraintequationis

fOGE) = gi(x tu) + go(x

Cxxfxx+nyfxy+cyyfyy+Cxtfxt+cytfyt+cttftt =0, (8)

wherec = (¢ )T is givenby

ujv ifi = j
Gj 1 , 9)
ujvj + ujv; otherwise.
with u; = v = 1: As in the single motion case,Eq. (8)

implies that the Hessianof f lies in a hyperplaneof a six-

dimensionalspace(the spaceof 3 3 symmetricmatrices)
whosenormalis the symmetricmatrix C with entriesc;; if

i = j andc; =2if i 6 j. Proceedingn away similarto the
singlemotioncasec is estimatedisthe eigervectors related
to thesmalleskigervalueof thetensor

2 ) 3
fxx fxxfxy fxxftt
Z 2
fxxfxy fxy fnytt
Jo= . . . d (20)
fxxftt fnytt ft%
or in shortnotation
Jo=1 df dF=! dFdFT ; (11)

whered® = (fxx;fxy:fyyifx;fyt;fu)T: Thereforeareli-
able estimationof c is possibleonly if rankJ, = 5: Note
howeverthats representthe motionvectorsof atransparent
imagesequencenly if its last coordinateis differentfrom
zero. This conditionis necessaryput not sufcient. A suf-
cientconditionfor s to representranspareninotionis given
in AppendixA.
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Moving Pattern| Projectve Representation rankJ ; | rankJ , | rankJ 3

theemptyset 0 0 0

] apoint 1 1 1
J+] 2 points 2 2 2
j+i+] 3 points 3 3 3
aline 2 3 4

+] aline + apoint 3 4 5
+ )+ aline + 2 points 3 5 6
+ 2lines 3 5 7
+ 4 2 lines+ apoint 3 6 8
+ o+ 3lines 3 6 9
others others 3 6 10

Table 2. Different motion patterns (r st column) and the ranks of the generaliz ed structure tensor s for
1, 2, and 3 motions (table rows). This table summariz es our results by showing the correspondence
between the diff erent motion patterns and the tensor ranks that can, in turn, be used to estimate the

condence for a particular pattern,

i.e., a proper motion model.

Note that the rank of Jy induces a

natural order of comple xity for patterns consisting of N additive layers.

Theapproachdescribedabove for two motionscanbe ex-
tendedo estimatehe motion elds of anadditive superposi—
N moving

It is known [18] thatf andthe velocitiesareconstrained
by
X
G f = 0 (12)

=1

wheref ;j = 1;:::; = I(N + 1)(N + 2) aretheinde-

pendeniN th- orderpartlal derivativesof theimagesequence
fiie,l; = (ij,;::::ij, ) isanorderedsequencevith com-
ponentsn fx; y;tgandf,; istheN th-orderpartialdervative
of f with respecto thecomponentsf | ; : Themixedmotion
parameterg, arethe symmetricfunction of the coordinates
of V, = vh+ e,forn= 1;:::;N; ande; is thetime axis.

Thegeneral|ze¢tructuretensorfor N motionsis de ned
by

2 3
f2 f.1f|2 fi.f1,
z f|1f|2 I22 f|2f|M
d (13)
f|1f|M f|2f|M 1‘,2M
andcanbewritten in shortnotationas
Iy =1 dY d¥ =1 dMd%T (14)

where d¥ = (f.l,f|2;::"f|M)T In this case,the vector
is a null eigervectorof Jy and,
in practice estlmatedastheeigen/ectorsN associatedo the
smalleskigervalueof J \ . Thevelocitiesarerecoveredfrom
sy by the methoddescribedn [18], which is analyticalfor
up to four motion layers. Obviously, the mixed-motionpa-
rameterscy can be computedonly if the null eigervalue
is non-dgyenerated. In what follows, we will shav which
transparenmoving patternscorrespondo othervaluesof the
rank of J y : As mentionedfor two motions,the zeroeigen-
valueis notasufcient conditionfor sy to actuallyrepresent
transparenmotions. Caseswvherethis doesnot happenwill
beignoredin thefollowing but discussedn the AppendixB.

In analogyto singlemotions,we will now analyzegener
alizedapertute problemsasde ned by the degreeof degen-
eraqy of theeigervaluesof Jy andre ected in the ranksof
Jn , seeTable2.

The problemof motion estimationhasoften beenstudied
in the Fourierdomainandit is known that additive transpar
entmoving patternscorrespondo the additive superposition
of Dirac planesthroughthe origin. In the Fourier domain,
Eq. (8, 12) correspondo homogeneoupolynomials. The
studyof homogeneousquationds greatlysimpli ed by the
useof the projective plane.Thereforewe introducea projec-
tive transformof f below.
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Figure 1. If two gratings of diff erent orienta-
tions - as shown in (a) and (b) - are moved in
the directions shown in (c), the plaid pattern
shown in (d) is seen as moving in the direc-
tion indicated in (f) whic h corresponds to the
only coherent velocity that is de ned by the in-
tersection of the projective lines as shown in

(e).

3. Representationof Multiple Motions in the Projective
Plane

LetF betheFouriertransformof f and = ( «x; y; )7
theFouriervariable we de ne aprojectivetransformof f by

Z.,

Pilx; y; tl=— JF(s x;s yis 1) ds; (15)

where = ( 2+ 2+ ?)%: Notethatthe right-handside
of the above equationdoesnot dependon the length of
Sinceplanesandlines of an Euclideanspacecorrespondo
linesandpointsof the projective plane(seeAppendixB), this
transformallows usto think of themotionlayersof f (x;t) as
pointsandlinesof theprojective plane.Besideghereduction
of dimensionthe projective planeestablishes naturaldual-
ity betweerines andpointsthatis not presentin Euclidean
geometry This is because (projectve) line " is exactly de-
scribedby anequationof the form
ax+ by+ cz= 0: (16)

Thusary line * correspondso a dual point[a; b;c] andvice-
versa.

To illustrate the usefulnesof the framework, we shov
how to geometricallydeterminethe velocity of a given 2D

moving pattern:the moving patternis mappedo a planein
the Fourierdomain,from whereit is further projectedto the
projective planewhereit is a Diracline. Finally, the velocity
is found by applyingthe duality, heredenotedwith D, to the
Diracline. The processs schematicallyshovn below:

plane " line

moving 2D pattern F velocity.

In the caseof a moving 1D-patterng(x) = g(a x), e.g.a
spatialgrating,the Fouriertransformreducego aline, andits
projectivetransformto a point. Theduality operationwill de-
terminethe setof admissiblevelocitiesfor the gratingwhich
is aline in the projective plane:

D line of admissible

moving 1D pattern " line point

velocities.

As anotherexample,we shav how to determinethe co-
herentmotionof superimposedratings(plaids)[1, 19]: the
setof admissiblevelocitiesfor eachlayeris aline, theinter
sectionof thesetwo linesis the only admissiblevelocity for
bothlayers thatis, thecoherentelocity for theplaid. Further
exampleswill begivenin Section4.

We summarizehe main pointsbelow (for further details
seeAppendixB):

The projective transformof transparenmotionsis the
superpositiorof Dirac linesin the projective plane(in
caseof moving 2D patterns).

Thedualpointto eachDirac line in the projective plane
is thevelocity of therespectie layer.

A moving 1D patterncorrespond$o a Dirac pointin the
projective plane.In this caseary admissiblevelocity for
thegratingis a pointon theline thatis dualto the Dirac
pointin theprojective plane.

Dirac linesintersectat anideal point if andonly if the
correspondingatterngmovein thesamedirection(with
differentspeeds).

Theidealline correspondo a staticpattern.

Theprojectivetransformandits propertiesestablishaone-
to-onecorrespondendeetweerdifferentmotionpatternsand
subsetof the projective plane (points and lines). Further
more,thesedistinctcon gurationsin theprojective planeare
in a one-to-onecorrespondencto therank of Jy . Table?2
summarizeghesecorrespondencesnd detailsof how these
correspondencdsave beenestablishediregivenin the Ap-
pendixA. Furtherbene tsof the projectve-planerepresenta-
tion of motionwill becomeavidentin the next section.

4. Applications to SomePerceptual Phenomena

For the caseof only onemotion,the apertureproblemhas
a high signi cancefor the visual perceptionof motion. As
arguedbefore, themotion of a 1D patternis ambiguougrom
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Figure 2. Coherent motion of three superim-
posed gratings. To the superposition of two
gratings (a) a third grating shown in (b) is
added. The physical motions of the three grat-
ings are as shown in (c) and the lines of ad-
missib le velocities for each grating in (e). The
percept is that of a coherent pattern as shown
in (d) moving in the direction indicated by the
arrow in (f). The coherent percept of one mo-
tion corresponds to the inter section of the lines
in only one point.

atheoreticapointof view, andsoaretheperceptsn thesense
thatthey dependon the motion of the so-calledterminators,
i.e. theendsof the 1D patterns.

Similar effectsappeamith superimposedratingsthatcan
inducemotion perceptghataredifferentfrom the directions
orthogonato theindividual gratings.For example two grat-
ings, one moving down andto the left, the other one mov-
ing down andto the right, are perceved as a single pattern
moving downwardsundermostexperimentakonditions- see
Fig. 2. Ontheotherhand,threemoving gratingscangiverise
to threemutually exclusive perceptg1].

We arenow goingto explain thesephenomenaisingour
theoreticalframewnork presentecabove. We will also showv
that our framework predictsanillusion for the superposition
of a gratingwith arandomdot eld andthengive someex-
perimentaldatafor this illusion.

Finally, we will alsogive somedatafor the discrimination
of multiple motions. We will show thatit is, in principle,
possibleto distinguishbetweer?, 3, and4 overlaid motions.
It seemghatthelimiting factoris notthe numberof motions
but ratherthe angularseparatiorof motionvectorswhichis,
in turn, relatedto the rank of J ,. Preliminaryresultshave

il ~<
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Figure 3. Incoherent motion of three superim-
posed gratings. The sub- gures are accor ding
to those in Fig. 2. However, the directions of
motions are now chang ed suc h that the lines of
motion in the projective plane do not inter sect
in a single point (e). This makes the motions
unde ned and causes the percept to change
dramaticall y such that a coherent motion is not
perceived. Observers can see either of the sin-
gle motions indicated in (f) (the other two mo-
tions are seen either individuall y or grouped to
a plaid motion).

beenpresentedn [10].

4.1 Two 1D Transparent Moving Gratings

In the projective plane two moving gratingscorrespondo
thef line, lineg case seeTable2. Accordingto thetheory the
perceved motion shouldcorrespondo the intersectiorpoint
U of thetwo linesandindeedit does- seeFig. 1.

4.2 ThreelD Transparent Moving Gratings

In the caseof threemoving gratings,a perceptof oneco-
herentpatternonly ariseswhenall threelinesintersectn the
samepoint. Thisis, for example,the casefor the con gura-
tion shavn in Fig. 2. On the otherhand,a con guration as
shavn in Fig. 3 hasno uniquepercept:humanobsenerssee
thethreelD patternsasmoving individually or seecombina-
tionsof one 1D patternanda 2D plaid pattern.
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Figure 4. Stimulus generation for the 2D-over-
1D entrainment (a). Admissib le velocities for
the grating (line) and for the 2D stim ulus (point)
are perceived as single motion (c).

4.3 Entrainment Effect for 2D Patterns Over 1D Pat-
terns

A spatial eld of dotssuperimposen a grating (Fig. 4)
correspondso thef line, pointg case.lf thepointfalls onthe
line, the gratingshouldseemto move in coherencevith the
randomdots. To testthis hypothesiswe generatedinusoidal

gratingsof frequeny = 1=8, orientation = k =4;k =
1;::; 8, andviewing anglesize10 10 . Theseweretrans-
latedperpendiculato their orientation( g = =2) with

avelocity of vy = 1:6 =s. Mean brightnessof the screen
was10cd=n?. Then,a 2D dot patternwith samebrightness
distribution was overlaid to the grating and translatedwith
direction , = =4 andvelocity v, = vg= 2, sothat
onecomponenbf the motion vectoralwayscoincidedin the
gratingandthe moving dot pattern.15 of thesestimuli were
presentedo 7 humansubjectsfor 1.6 seconds. After pre-
sentatiorof eachstimulus,subjectshadto rotateanarrow to
indicatethe directionof the gratingthey hadperceved. The
deviation of subjects'responsefrom thetruedirectionof the
gratingis givenin Fig. 7(a). If thedot patternhadexertedno
in uence on the perceptfor the gratingat all, a single peak
at0 couldbe expected. Analogously a single peakat 45
would indicatethatsubjectsalwaysperceveda singlecoher
entpattern.Notethatthe smallpeakat 135 actuallydepicts
case®f45 deviationsinceit canbeattributedto theinduced
motion phenomenorfthe sameeffect that makesus seethe

Figure 5. Example of a 1/f noise stim ulus

platform moving while sitting in amoving train).
4.4 Entrainment Effect and the Barberpole lllusion

The shapeof anaperturehroughwhich a gratingis seen
canstronglyin uence motionperception.This phenomenon
is calledthe barberpoleillusion. For example,the straight
linesin Fig. 6 seemto changetheir directionalongtheir path
behindthe aperture[26]: the bar movesasindicatedby the
arrows andthe perceved motionis indicatedby the dashed
line.

To shaw that the entrainmenteffect is able to override
the barberpoleillusion, we designedthe stimuli illustrated
in Fig. 6. We masled the moving grating by an aperture
perpendiculato the orientationof the grating. This should
strengtherthe perceptof motionin a directionorthogonalto
thegrating. As anadditionalmodi cation, only the termina-
torsof the gratingwereoverlaidwith arandomdot eld that
movedin onecoherendirection. Becausehis led to therise
of new terminatorsat the boundaryof the coherentrandom
dot eld, the remainingmiddle of the stimuluswasoverlaid
with a white-noisepattern,which hadthe samedensityand
brightnessas the coherentnoise pattern. Neverthelessthe
entrainmengeffect seenin Fig. 7(b) s still qualitatively simi-
lar to thatin Fig. 7(a) which shavs thatthe effect dominates
overthein uence of theaperture.

4.5 Discrimination of Multiple Transparent Motions

The perceptiorof multiple overlaidmotionshasalsobeen
investigatedby countingthe numberof layersthat a person
candiscriminateandit hasbeenarguedthatit is impossible
to discriminatemorethantwo transparentnotions[20]. To
analyzethe natureof this apparenbottleneckwe performed
thefollowing experiments.

Stimuli consistedbf 253mslong,10 10 sizedimage
sequencemadeof either2, 3, or 4 translatedl/f-noise pat-
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Figure 6. Barberpole illusion (a). Stimulus with aperture orientation perpendicular to that of the 1D
grating, random noise in the center, and a random dot eld moving coherentl y in the horizontal plane

(b).

ternsthatwere overlaid. 1/f-noiseimagesare characterized
by an hyperbolically-shapedpectrum,e.g. a high propor
tion of low-frequeng contentandfew high-frequeng com-
ponentsThis propertyhasbeenchoserto resemblestatistical
propertiesof naturalimageg2]. For anexample,seeFig. 5.
Notethatwhenseveralof theseamagesareoverlaid,thischar
acteristicis presered;therefore onecannotdetectthe num-
ber of overlaid motionsfrom still imagesalone. Thesepat-
ternsweretranslatedvith 12 =s. The directionalseparation
of the motionvectorswas15; 30; :::; 180 respectiely. Sub-
jectsthenhadto indicate,in a 5 alternatvesforced choice
paradigmwhetherthey hadpercevedl, 2, 3,4, or 5 motions.
In additionto theexperimentsiescribedbove, we performed
anadditionalsetof experimentghatdifferedonly by thefact
thatwe usedrandomdot patterndnsteadof the 1=f patterns.
Resultscan be seenin Fig. 8 and 9. Note that overall
the discriminability increasewith the angularseparatiorof
the motions. Also note, however, that the dif culty of the
discriminationtask increaseswith the numberof motions.
Neverthelessthree motionscan be well discriminatedwith
sufcient angularseparation.We thereforesuggesthat the
angularseparatioris the main limiting factor, which is, of
course,n turn limited by the numberof motions. As shavn
in Fig. 10, thiseffectcanbepredictedqualitatively in termsof
con dencemeasuredasedon the generalizedstructureten-
sor. Thecon dencemeasuras obtainedastheinverseslope
of the line tted to the distribution of the logarithm of the
M  1llargesteigernvaluesof thegeneralizedtructuretensor
Theinverseslopevaluesare shovn normalizedto the range
[0; 1]: Similarresultswould be obtainedfor the 1=f patterns.

5. Discussion

We have presenteé methodfor categorizingtransparent-
motionpatternsn termsof theranksof thegeneralizedtruc-
ture tensors.Basedon our results,the con dencefor a par
ticular patterncanbe evaluatedccomputationallyby eitherde-
terminingtherankJy or by usingthe minorsof the structure

tensorg[18]. For example,we candiscriminatethe caseof
two superimposedD patterngmoving plaid) anda 2D pat-
tern moving in the direction of the coherentmotion of the
plaid pattern.

Our resultscanbe seenasan extensionof the conceptof
intrinsic dimensior{28, 5]. In the currentframework, thein-
trinsic dimensioncorrespondso therankof J ;. As shavnin
Table 2, by introducingthe generalizedstructuretensor we
canfurtherdifferentiatehe signalclasse®f agiven(integer)
intrinsic dimension. In somesensewe therebyde ne frac-
tionalintrinsic dimensions.

Although motion estimationis a key componenbf mary
computefvision and image processingsystemsthe motion
modelsare oftentoo simpleandfail with realisticdata. Our
resultsprovide (i) new meandor increasinghecompleity of
themotionmodelsand(ii) measure$or determininghecon-

dence for aparticularmodel.We shouldnotethattheframe-

work canbe appliedto make explicit the correspondenciee-
tweentheranksof Jy , for avalueof N largerthan3, andthe
differentmoving patterns.

The theory presentedn this work providesa conceptual
understandingf thedif culties in the estimationof multiple
transparentmotions,which are dueto the generalizedaper
ture problem. We have usedthe projective transformto es-
tablisha correspondencleetweertherankof thegeneralized
structuretensorand different transparenimoving patterns.
Note, however, that the generalizedstructuretensoris de-
rived by integrationof the derivativesof theimagesequence
in a local neighborhoodhnd as suchcanbe usedfor the es-
timation of transparentotionin thatneighborhoodinclud-
ing situationswerethe motion vectorsmay vary over space.
For the estimationof N transpareninotions,N th-orderpar
tial derivativesareinvolved. Theubiquitouspresencef noise
canbecompensatelly pre Itering thesequencewith proper
kernels,see[18]. Suchpre ltering is equivalentto the useof
more general lters insteadof the derivatives and can thus
breakthe unfavorablerelationshipbetweenthe orderof dif-
ferentiationandthe sensitvity to noise.
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Figure 7. Data illustrating the entrainment effect of a 2D pattern over a 1D grating. No aperture (a).
Aperture orientation perpendicular to that of the 1D grating (b).

Finally, we have alsoshovn how ourresultscanbeusedto
explain somephenomenan biological vision. In particular
the concepif the projective planeprovedusefulfor describ-
ing andvisualizingdifferentvisualperceptsFurthermorewe
demonstratedew illusionaryperceptghatarein accordance
with the ambiguitiesthatonewould expectfrom thetheory
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A. The Null-Eigenvector of J  and the Motion Vectors

The null-eigervector of J representsN transparent-
motionvelocitiesif it is possibleto solve the vectorialequa-
tion
17)

bewrittenin matrix form as
[S
S, = % (Ui Uy s )T (v vy 1)

+ (v DT (U yi 1) 5 (18)
whereS is the matrix with entriess; if i = j ands; =2 if

i 6 j. Therefore,s, representswo transparenmotionsif
andonly if

detS, =0

detS3! + detS3? + detS3° < 0;
Sty 60

(19)



Submittedto Internationallournalof Computer& InformationScience

wheredetS!! arethediagonalminorsof S; e.g.,det S =
Sxx Syy s)z(y =4: Eq.(18) canbeeasilyextendedo morethan
two motionsbut we could not nd ary expressiongor the
resultingSy analogoudo thosein Eq. (19). Nevertheless,
it hasbeenshawn in [18] that the solutionsof Eq. (17) can
be expressedstherootsof a complex polynomialwhoseco-

are the roots of this polynomial, a necessanand sufcient
conditionfor sy to representransparent-motiowectorsis
therefore

sy = c(v§;iivy): (20)
B. The Projective Plane

The projective planeis the set of all directionsin the
three-dimensionaEuclideanspace. Thesedirections (the
points of the projective plane)canbe representedby homo-
geneousoordinatedx; y; z]: A pair of homogeneousoor
dinates|x; y; z]; [x%y% z9 representshe samepoint if and
onlyif (x;y;z) = (x%y%z9 for somenon-zerdfactor : A
pointwith coordinate$x; y; 0] is calledanideal pointandthe
setof idealpointsis calledtheidealline.

A point(x;y) in a Euclideanplanecorrespondsaturally
to a projective point by the identi cation (x;y) = [x;y;1]:
Therefore we canthink of the projective planeasthe union
of theplanez = 1 andtheidealline.

Relevant Propertiesof the Projective Plane

Below we summarizeéhepropertieof theprojective plane
thatareusefulfor our analysisof moving patterns:

Dimensionreduction:lines and pointsof the projective
planecorrespondo planesandlinesthroughthe origin
of thethree-dimensionadpacerespectiely;

Duality: eachline * of the projective planeis associated
to a dual point V by the correspondingorthogonality
of planesandlinesin the three-dimensionaEuclidean
spaceandvice-versa;

No parallelism:ary two lines of the projective planedo
intersect;

Two projectivelinesintersecttanidealpointif andonly
if theirdualpointsande; arealigned.

C. The Rank of Jn

Fromthediscussionn Section3, we have seerthattheset
of admissiblevelocitiesof amoving layerg is thedualspace
to the supportof P . This dualsetis calledthe phasespace
for thevelocitiesof g. In whatfollows, we will supposehat
no pair of layersforming f moveswith collinearvelocities
and none of the layersis static. This meansthat the lines
supportingtwo non-deyeneratedirac lines alwaysintercept
ata nite (non-ideal)point.

11

(@) (b)

Figure 11. Admissib le velocities of overlaid-
motions patterns in the projective plane: (a)
two overlaid 1D patterns, U is the coherent
velocity , c(u;u);c(u;v);c(u;w);c(v;w) are in-
dependent null-eig envector s of J,; (b) same
for one 1D pattern and two 2D patterns,
c(u;v;w) and c(u;v;w) are independent null-
eigenvector s of J 3.

vn ) can be interpretedas elementsof the spaceof sym-
metric N -tensors (here denotedby Sy). Therefore, if
= fU;V;Wgqg is a basisfor the three-dimensional
Vn 2
forn =
fc(u;u);c(u;v);c(usw);e(v;v);c(v;w);c(w;w)g is a
basisfor S,. We will usethis relationshipbetweenbasisof
R3 andSy to constructa maximalnumberof elementsn the
kernelof J , andJ 3. By “kernelof Jy ' we denotethe setof
vectorsthatcorrespondo the zeroeigervaluesof Jy .

The Rank of J »

For two moving layers,the non-trivial possibilitiesfor the
phasespaceof the velocitiesarea f line,lineg, f point, lineg,
f point, pointg.

line, line: Chooseabasis = fU;V ;W gof R® suchthat
U is theintersectiorof thetwo lines,andV andW belong
to eachof theselines, seeFig. 11(a). Now it is clearthat
c(u;u), c(u;v), c(u;w) andc(v;w) areelementsin the
kernelof J,. Sincethesevectorsare linearly independent,
we canconcludethatrank(J 2) 2.

line, point: ChooseU asthepointandV ;W in theline.
Thevectorsc(u; V), c(u; w) arenull-eigervectorsof J , and
thereforerank(J ;) 4.

point, point: ChoosdJ ;V asthetwo pointsandW freely.
The only elementin the kernelof J , is c(u;v), therefore
rank(J,) 5.

We found the abore boundsto the rank(J ;) given two
moving patterns.Sinceit is possibleto reachthesebounds,
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they areactuallytight. Notethattwo moving patternsdo not
producerankl or 3. Theseranksareactuallyproducedby a
singlemoving object. The phasespacdor thetwo velocities,
in thiscasejs f line, planeg or f point, planey. We analyzethe
rst casebelow, theotheris similar.

line, plane: ChooseU;V aspointsin theline andW out
of it. Theonly elementthatdoesnot belongto the kernelof
J ;2 isc(w;w) andthereforerank(J ;) = 1:

The Rank of J 3

For threemoving patternsthe non-trivial possibilitiesfor
the phasespacesof the velocitiesare a fline, line, lineg,
f point, line, lineg, fpoint, point, lineg, and f point, point,
pointg which correspondo the values3, 6, 8, and9 of the
rankof J 3. Sincetheanalyse®f thesecasesareverysimilar,
we consideronly thetwo lastcases.

point, point, line: ChooseU ;V asthe pointsandW in
theline, seeFig. 11(b). In principle it appearshatonly the
elementc(u;v;w) belongsto the kernelof J 3. Also note
thatary two lines intersectin the projective plane. Let W
bethe intersectiorof the givenline with the line determined
by U andV . Now, if we assurethatW doesnot coincide
with W, we nd the secondindependensymmetrictensor
in the kernel of J 3, thatis, c(u;v;w): We concludethat
rank(J3) 8. Sincetheseareall the possibilities,except
maybefor degenerateasesthe bounds is tight.

point, point, point: ChooseU;V ;W as thesepoints.
Only c(u;v;w) belongsto the kernel of J3. Hence,
rank(J 3) = 9 exceptfor degenerateases.

Similar to the caseJ ,, threemoving patternsdo not |l
all the possibilitiesfor therankof J 3. Thegapsare lled by
singleor two moving patterns.Thesecorrespondo ranksl,4
and2,5,7respectiely. Table2 summarizeghe possibilities
for theranksof Jy forN = 1;2; 3.

Cicero Mota is on leave from
University of Amazonas,Brazil
and is currently with the Insti-
tute for Neuro- and Bioinformat-
ics, University of Luebeck,Ger
mary. His researclinterestsarein
computervision and information
theory Dr. Mota studiedmathe-
maticsat the University of Ama-
zonasandat the Institutefor Pure
andApplied Mathematics- IMPA
(Ph.D. 1999) in Brazil. He has
beenwith the Institute for Signal ProcessingUniversity of
Luebeck(visiting scientistjandwith the Institutefor Applied

12

Physics,University of Frankfurt, bothin Germaty. His re-
searchhasbeensupportedby the Brazilian agenciesCNPq
andCAPES,andby the Germanagencie®AAD andDFG.

Michael Dorr is currently work-
ing towards his degreein Com-
puter Science, Bioinformatics,
and Biomathematicsat the Uni-
versityof Luebeck,Germary. His
researchinterests are the psy-
chophysicsof motion estimation
and the modeling of eye move-
ments and attention. In 2001,
he hasbeenawardedthe”Student
Poster Prize” at the Tuebingen
PerceptiorConferencdor [10].

Ingo Stuke is currently a
scientist at the Institute for
Signal  Processing, Univer-
sity of Luebeck, Germay.
His main research interests
are on the eld of motion
and orientation estimation
for image processing and
computer  vision applica-
tions. From 1995 to 2001 he
studied computer science at
the University of Luebeck.

Erhardt Barth is currentlyasci-
entist at the Institute for Neuro-
andBioinformatics,University of
Luebeck, Germaly. His main
interestsare in the areasof hu-
man and computervision. He
studied electrical and communi-
cationsengineeringtthe Univer-
sity of Brasos andat the Techni-
cal University of Munich (Ph.D.
1994). He hasbeenwith the Uni-
versitiesof Melbourneand Mu-
nich, the Institutefor AdvancedStudyin Berlin, the NASA
Vision Scienceand TechnologyGroupin California,andthe
Institutefor SignalProcessingn Luebeck.In May 2000he
receiveda SchloessmanAward.



