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Abstract—The well-known MinOver algorithm is a slight
modi cation of the perceptron algorithm and provides the
maximum margin classi er without a bias in linearly separable
two class classi cation problems. DoubleMinOver as an extension
of MinOver, which now includes a bias, is introduced. An
O(t 1) convergence is shown, where is the number of learning
steps. The computational effort per step increases only linearly
with the number of patterns. In its formulation with kernels
selected training patterns have to be stored. A drawback of
MinOver and DoubleMinOver is that this set of patterns does
not consist of support vectors only. DoubleMaxMinOver, as
an extension of DoubleMinOver, overcomes this drawback by
selectively forgetting all non-support vectors after a nite number
of training steps. It is shown how this iterative procedure
that is still very similar to the perceptron algorithm can be
extended to classication with soft margins and be used for
training least squares Support Vector Machines (SVM). On
benchmarks the SoftDoubleMaxMinOver algorithm achieves the
same performance as standard SVM software.

I. INTRODUCTION

and incremental almost by de nition. The pattern-by-patte
nature of learning in Neural Networks like, for example, the
perceptron usually leads to simple training procedureshvhi
can easily be implemented. It is desirable to have similar
training procedures also for the SVM.

Several approaches for obtaining more or less simple incre-
mental learning algorithms for the SVM have been introduced
[6], [71, [8], [9], [10], [11], [12], [13]. Among the rst and
most widespread are the Kernel-Adatron by Friess, Cristian
and Campbell [6] and the Sequential-Minimal-Optimization
algorithm (SMO) by Platt [7]. Like the MinOver algorithm by
Krauth and Mezard [14], which we will build on, the Adatron
was introduced for constructing synaptic weight matricés o
optimal stability in spin-glass models of Neural Networks
[15], [16]. Friess et al. adapted the Adatron to the problem
of maximum margin classi cation with kernels. The Adatron
and the MinOver algorithm are very similar and can both
be derived from constrained gradient descent. The Adatron
converges faster; however, the MinOver learning step is eve

The Support Vector Machine (SVM) [1], [2] has become g_impler_ (exponentia] versulf;t convergence, quadratic versus
standard tool in classi cation and regression tasks (&Jg[4], linear time complexity per iteration step). Navone and Dswn
[5]). A major drawback, particularly for industrial appditions [17] give a comparison of both algorithms on common bench-
where easy and robust implementation is an issue, is its cof@'k problems. They report that for reasons which require
plicated training procedure. A large Quadratic-Prograngmi further investigations the MinOver algorithm shows a Iéagn
problem has to be solved, requiring sophisticated numeri@ghaviour which is advantageous in a number of aspects.
optimization routines which many users do not want or cannot Vishwanathan et al. [12] present a method which guarantees
implement by themselves. They have to rely on existid§ converge to the exact maximum margin solution after aenit
software packages, which are hardly comprehensive andNgfnber of steps. They use an active set strategy and claim
least in some cases, error-free. This is in contrast to md@tPe considerably faster than the SMO algorithm by Platt

Neural Network approaches where learning has to be simpfd Their work is based on an approach of Cauwenberghs
and Poggio [10], which converges aftariterations, where

http://Awww.inb.uni-luebeck.de n is the number of considered samples. Their method has



the additional advantage of being able to learn incremigntalVe want to nd the hyperplane which separates the patterns
and decrementally, thereby enabling an ef cient calcolati of these two classes with maximum margin. The hyperplane
of the leave-one-out error. Another approach for incremlenfor classi cation is determined by its normal vectar 2 RP
or decremental learning was introduced by Kim et al. [18hnd its biad 2 R. It achieves a separation of the two classes,
Their approach is based on updating and downdatindXRe if
decomposition of the least squares Support Vector Machine, yj(w'x; b >0 for all i=1;:::;N:
which allows to ef ciently compute the updated solution wnheTh . f thi tion is ai b
data points are added or removed. In [19] they show how their® Mmargin - ot this separation is given by
method can be applied to drug design by iteratively inclgdin ( w;b)=min yi(w'x; b=kwk :
new compounds into the training set. Xi2X

Another interesting approach is the work of Tsang et d/laximum margin classi cation is obtained by thes ,
[13]. Training an SVM is reduced to the problem of ndingkw k = 1 and b for which ( w ;b) = becomes
the minimum enclosing ball around a set of points. They appfgaximal.
the so-called core set, which has been introduced for nding The Support Vector Machine (SVM) as introduced in [1],
approximate solutions for the minimum enclosing ball (MEBJR1] determinesw and b by solving a quadratic pro-
problem [13]. The method converges fast as the converger@@mming problem. It minimizekwk?® under the constraints

rate does not depend on the number of samples, but it obflyw'xi b  1i = 1;:::;N, the so-called hard margin

provides approximate solutions. The loss in precision égpeecase. The solution is equivalent o up to a scaling factor.

up the algorithm. In its dual formulation one hasto nd; 2 Ry ;i =1;:::;N
In this paper, we will revisit and extend the MinOver algowhich maximize

rithm to obtain perceptron-like procedures for trainingport o 1 X

Vector Machines. Their learning steps can be motivated from W( )= 5 YiYi X{ X;

gradient descent. With their pattern-by-pattern natunetiie i=1 i =1

sense that, like fpr the perce.ptron, one pattern after ther i under the constrainl? -N:l Vi i =0. The solution yields

chosen for learning from a given training set) these prosiu :

are suitable for incremental and decremental learningerAdt X

nite number of iterations only support vectors are taketoin w = Yi iXj: (1)

account. The method can easily be extended to kernels while i=1

keeping its simplicity. Only a subset of the; will be non-zero. Those; for which
First, we will reformulate MinOver. In this reformulatiohe¢ i > 0 are called support vectors [21]. For then(w " x;

MinOver algorithm is a slight modi cation of the perceptronb ) = is valid. Hence, the seXs X of these support

learning rule and could hardly be simpler. Then, in Sectipn vectors determingv andb . In the following we introduce
we extend MinOver to DoubleMinOver which remains a8 class of algorithms which determime andb iteratively,
simple as MinOver but now provides the maximum margire., Which solve the quadratic programming problem of the
solution also for linear classi ers with a bias. We present bard-margin SVM by employing a perceptron-like pattern-by
convergence proof and show that @(t ') convergence can pattern optimization procedure.
be expected, whereis the number of learning steps. A simple, perceptron-like pattern-by-pattern algorithm
The convergence of MinOver to the maximum margithich provides the maximum margin classi cation in lingarl
hyperplane in linearly separable classi cation tasks idlwe separable cases is the well-known MinOver algorithm intro-
known; however, the solution is not based solely on suppditiced by [14] in the context of constructing synaptic weight
vectors. The same is true for DoubleMinOver. Therefore, imatrices of optimal stability in spin-glass models of Néura
Section Il we extend DoubleMinOver to DoubleMaxMinOveNetworks. However, it only provides the maximum margin
in a similar way as we extended MinOver to MaxMinOver irsolution if no biasb is included. In the MinOver algorithm
[20]. The DoubleMaxMinOver algorithm provides the maxithe current normal vectaw; converges tav with increasing
mum margin hyperplane based only on support vectors. In thember of iterations. This is valid as long as a full separation,
last part of this paper we will show how DoubleMaxMinOvet.€. aw with > 0 exists. The MinOver algorithm works
can be extended to SoftDoubleMaxMinOver for classi catiofike the perceptron algorithm. However, instead of chogsin
with soft margins. SoftDoubleMaxMinOver yields solution@n arbitrary misclassi ed pattern out of the training sét
also in cases where the classi cation problem is not linearwith each training step the "mostly misclassi ed” pattern is
separable. In the last section we will present results agfiosen. The "mostly misclassi ed” pattexmi, (t) is the one

comparisons on common benchmark problems. with minimum distance (overlap); wTx; from the separating
hyperplane lf = 0). Hence the name MinOver. In contrast to

the perceptron, however, learning proceeds even if alepadt
are classi ed correctly. In this case the distarype T x; of the
Given a set of patternX = fx; 2 RP:i = 1;:::;Ng “mostly misclassi ed” patternxmi» (t) has become positive.
with corresponding class labelg 2 f 1;1g;i = 1;:::;N As a rst step we slightly modify MinOver such that a
such that the clas¥* X of patterns with labe¥1 and the bias b can be included. Instead of looking for the pattern
classXx X of patterns with label 1 are linearly separable. with minimum distance inX, now we look for the pattern

Il. THE DOUBLEMINOVER ALGORITHM



Xmin+ (t) 2 X * with minimum distance inX* and for the we can write

patternX,, (t) 2 X  with minimum distance inX and 1 wTz

use both for the next adaptation step. Hence the name Double- (w)= > min vk and =(w):
MinOver. In Algorithm 1 the pseudo code for DoubleMinOver 222 KW

is listed. With Zmin (1) 1= argmin Wiz = Xpin+ () Xmin (1)

Algorithm 1 With tmax denoting the number of desired W€ obtain for the learning step

iterations, DoubleMinOver works as follows:

Wit = Wi+ Zpin (1)

w 0
for t =0 to tmax do i) Let Xg = Xs\X * be the set of support vectors ¥*
Xmin+  arg X_nz"l)i(ﬂ w X andXg = Xs\X be the set of support vectors in
X rin arg rg,(ﬂ wTx; X . We call
Xi
W W Xpin+ X Zs= x' x jxT2Xg;x 2Xg
end for
b 2w Xmin+ + Xmin )- the set of support vectors . Foreacrz 2 Zs w'z =
2 s valid.

iii) ¢ denotes the angle betwean andw .
Why does it work? For a givew, the margin( w;b) is  jy) u,:= w;, (WwTw;)w denotes the projection o, onto
maximized if b(w) is chosen such that the margin to both  the plane perpendicular W |, i.e., it holds
classes is equal, i.e., if

w; = cos kwikw +u with  ulw =0: (2
min w'x; bw) = mi)? WTx;  bw)) ‘ e ‘ ! @)
X

s 2 v) s(z):= z (wTz)w denotes the projection of 2 Z
This leads to the expression for the bias in Algorithm 1 onto the plane perpendicular t@ . This yieldsS :=
T T fs(z) j z 2 Zg as the set of projections anfs =
w) = 5 W Xmin+ ¥ W Xmin fs(z) j z 2 Zsg as its subset where the are support
DoubleMinOver then looks for thes which maximizes vectors.
(w) = ( w:bw)) Lemma 1:For eacht 2 N it holds.uthmin (t) ?
- yiwTxi  bw)) Proof: We introducez- := arg rpzl? (w + "up)tz, "2
Xi 2X kwk R, . For" =0, z. 2 Zs is valid. SinceZ is a discrete and
owTx b(w) _ wTx; + w)  hite set of points in RP, there is ara 2 R* andzp 2 Zs
= Xrinz|>r<1+ S ery)? —kwk __ Such that foro " <a z = 2 is_ valid. uf zo 0, since
T T otherwise by choosing 2 R™ suf ciently small
= } minWXi+min W_Xi
2 xi2x+ kwk  x;2x  kwk . 1l (w +"uy)Tz
(w +"uy) = —mn———-—
_ 1WT(X-+ X ) 222z kw + "u¢k
kw k min min . _ 1(W + "Ut)T Zo
In this form the adaptation step far; in DoubleMinOver can C 2 kw +"uk
be motivated from gradient ascent dnw). Note, however, 12 +'"ulzg

that this view is just a motivation and, e.g., neglects the
normalization ofw.

Note that it is suf cient to determinb only once at the end
of the training procedure. This is due to the fact thaf, - (t)
andX,,, (t) do not depend on the choice bf

2(1+ "2ku k)

=

1
E 2 + "u;rZO 1 é"zkutkz

" 1,

ts u{ zo Ekutk2 2 +"ulzo

A. On the convergence of DoubleMinOver

Krauth and Mezard proved arO(t 72) convergence for
MinOver [14] within the context of spin-glass Neural Neti.e., a larger margin than would result by choosingv +
works. Here, we adapt this proof to DoubleMinOver. Ifiu; instead ofw (contradiction).
addition, we show that DoubleMinOver converges even asWith Equation (2) we obtaiw, zg = 2cos (kwik +
O(t 1). First, we introduce some notations and have to prowg zo. Further,w zmin (t)  2cos kwik — + u] Zmin (t).

>

some lemmata. Subtracting both equations, we obtaif zmin (t)  w{ zo
Notations: uf zmin (t)  uf zo. Since 0 W{ Zmin (1) W] Zo, also
i) With 0 ufzmn(t) u{zoand, hencey! zmin (t) uf zo. Since
uf zo 0, we can conclude the proof. ]

Z:= x* x jxT2X%;x 2X



Theorem 1:Let = ( w;) be the margin provided by
DoubleMinOver aftet iteration steps angl t)= Dbeits
relative deviation from the maximum margin. For edch 0
(R )* 1(R= )?

P=—* 5

t 2 t
is valid, with R := maxox kxk.

Proof: First, we show thaku;k?
seen from

kuisr k2 Kk uik?

0 t

4R2t, This can be

kui + Zmin (t)  [Zmin (t)TW w k?
k uck?

2u{ Zmin (1) + KZpmin (1)K2
[Zmmin (t)TW ]2

K Zmin (t)kz

4R? ;

where we have used] w =0 and Lemma 1 (note that we
start withug = 0). Since also
X1
T Zmin( )
=0

is valid, we obtain the bounds
kuk
wT wi

wiw; = w 2t

2Rp
2
Together with Equation (2) this yields

sin t tan ; =

WtT Zmin (1)
kwik

WT Zmin (t) COS ¢

+ U;r Zmin (t)

kuik

coS ¢

(1

2 2

t

sin ¢

(4)
2
2

2R sin
2=2) 2R
R2= R?=
2—p—
t t
A proper rearrangement concludes the proof.

2

Hence, with increasing the margin converges to the ) s=0 for eachs 2 Ss. Thenku,

maximum margin a®©(t 72). In the following we show that

even anO(t 1) convergence can be expected. But rst wejj)

have to prove that after a nite number of iterationg, (t)
will always be a support vector.

Lemma 2:1t exists ato 2 N such thatzy, (t) 2 Z g for
to.
Proof: Let us assume that there exists no stg¢l2 N .

t

We have™= % 2g1i£1 w'lz> . Then for any (arbitrarily
z nZ s
large)to 2 Ng thereisa  tg such thatzy,, (t) 2Zs. Then
w'zmin (1) 27~ and with Equation (4) we obtain
u{ Zmin (t) .
2 W Zmin (t) cOS ¢ + %t"l’(()sm ¢
2Ttos  2Rsin ¢
Sincecos ;! landsin ;! Ofort!1 , thisleads to a

contradiction. [ ]

Lemma 3:There are , 2 R;;z 2 Z with , > 0 only
for z 2 Z s such that

X X

2Z = 2Z
z2Z 227 s

w

Proof: We use Equation (1). For = X;

B Xi
X*;Xxj 2 X we choose , with A =

2
N

ji=1 -

1

2

— i

A

only, the same conditions hold for,. Further, we obtain

X X X -
,Z= ,Z = T(xi Xj)
227 227 s )pZX *xj2X
_ Xj 2X p X
= i Xj
p Xi2X *
xi2X * | X
i Xj
A
X 2X
X X
= iXi i
Xi2X * Xj 2X
= w
P P )
We used , o+ i = ox i = A, which can be

derived from the constraint ;_; yi ; =0. [

Theorem 2:( {)=  converges to zero a®(t 1).
This O(t 1) convergence is tight.

Proof: We prove Theorem 2 by proving thiati; k remains
bounded. From Equation (3) we can discern that in this case
we obtain anO(t ') bound for the angle; and, hence, an
O(t 1) convergence of the margin, to the maximum margin

We haveuts; = Ug+ S(Zmin (1)) . As we know from Lemma 2,
there is atg 2 N such thats(zmin (t)) 2 Ss fort  tp. We
discriminate two cases:

k remains bounded since
it does not change anymore for tg.

s 6 0 for at least ones 2 Ss. With & we denote the
projection ofu; onto the linear subspace spanned3ay
Because of Lemma Zu:k remains bounded, ikuak
remains bounded. As soon &s tp, we havetiy; =

th + S(zmin (t)) and, hence, for the change ki k?

Ktter K2 K trk? = ZUI S(Zmin (1)) + kS(Zmin (1)) k?:

We show by contradiction that there is ‘ar 0 such that
tt S(Zmin (1)) "kerk for t  to. Then Kersq k2

ket k2 2"kuk + 4R2. The negative contribution to
the change okuk? increases wittka k, which keeps it
bounded.

Let Q := fgjq 2 span(Ss) andkgk = 1g be the set
of all vectors of unit norm within the linear subspace



spanned by5s. Fort to we have B. DoubleMinOver with kernels
The vectorw; which determines the dividing hyperplane is

— H T
Zmin (1) = arg min Wz given by
= arg min (cos tkwikw + u)tz K 1
z .
. ° T Wt = (Xmin*( ) Xmin ( )) = YiniXi ;
= arg min (2cos tkwik  + uy 2) -0 i=1
z s
= arg min uth wheren; 2 Ng is the number of timeg; 2 X has been used
222 s ; ; for training up to steg. Sincew;=kwik ! w fort!1
= argmin u, (z (W 2)w) comparison with Equation (1) shows thatkwik | for
. T }3! 1 .Since ;_; yin; =0 ateach time step, the constraint
since u;w =0 N B o . .
_ g iz1 ¥i i = 0 of the optimization problem's dual formulation
= argmn u s(2) is permanently ful lled during the learning proce$s
= arg min & s(z) : The expression which decides the cl_ass assignment by being
227 5 smaller or larger than zero can be written as
Hence, N X .
w'x b= yinix; x b (6)
u;l’ Znmin (1) = nysn u;l's =
S
° If the input patternsx 2 RP are transformed into an-
maxmin q's kerk other (usually higher dimensional) feature spadgg) before
42Q $28s classi cation, DoubleMinOver has to work with (x;) as
ker k training patterns. Due to Equation (6), we do not have to
e o - o do it explicitly. With K (x;;x) = (x;)T (x) as the kernel
with " = maxaquna:s. Letg :=arg Max Jen a7 S which corresponds to the transformatioigx), the r.h.s. of (6)
Lemma 3 andy "z = q "s(z) yields transforms into
T X T X T X\I
qg'w =0= ,q 'z= .9 's(z) (5) niyiK(xi;x) b:
227 227 ¢ i=1

In this kernel formulation the training step of the Double-

with ., > 0 8z 2 Zs. Let us assume thatMinOver algorithm simply consists of searching fog;, - (t)

maxminq"™s=min g "Ts= " 0. Then, because

q2Q s2Ss s2Ss andX ., (t) and increasing their corresponding. In Algo-

of (5), q "s(z) has to be zero for each 2 Zs, or, rithm 2 the pseudo code is listed.

equivalently,q "s =0 for eachs 2 Ss. This, however, If the numbers

is not possible, sincgg 2 Q, i.e., q lies within the W

subspace spanned I8¢ andq 60. h(xi) = v yi nj K (X ;%) i=1;::5;N  (7)
The O(t 1) convergence bound fdan  is a tight bound. i=1

For example in case of the four training pattexis= (1;1)",  are stored and updated appropriately, also in its kernel for
x2=( LT, xz3=(1; 1T, andxs =( 1 1)T within  mulation the computational effort for an iteration step of

RP;D =2 with class labely; =+1,y, =+1,ys = 1, DoubleMinOver increases linearly with the number of tragi
andys = 1 (in case ofD > 2 this might be a subspace).patternsN . Instead of performing a computation of the entire

It is easy to see that by constructiom = (0;1)" and sum (7) in each learning step, one can keep these values from
wy = (22t)7 fort =1;3,5::: andw, = (0;2t)T for the previous step and obtain the new sum by adding only the
t=0;24::. Thentan = 1=tfort =1;3;5::: and kernel values of those patterns that were selected in therdur
tan =0 fort=0;2;4;::.. ]

Remark 1:In Theorem 1 we assumed that the DoubleMin- 'The altergative approach of extending the input vectors Hyiaa unit
Over algorithm starts withw,— = 0. However, it is easy S (X2 togeer wih siandyd MinOver doce ot compy with tis
to verify that theO(t '2) convergence rate is valid also for
Wi= 6 0. But then all the lemmata and theorems we have
proven so far are valid fow{-g 6 0.

In Fig. 1 we demonstrate the learning process on a 2- :
dimensional toy problem. 50 data points for each class had = YimxpX+ o yini
to be linearly classi ed with maximum margin. The dividing
line is shown for different time steps. Fig. 1 also shows with X
convergence plot of the angle between and w . In the b= yini 60
double-logarithmic scale th©(t 1) convergence becomes i=1
evident. in general.

T X\l T
Yini® R = yini(xj x +1)
i=1 i=1

wT R
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log tan'y

log t

Fig. 1. Left: Learning process of the DoubleMinOver aldumiton an arti cial 2-dimensional dataset consisting of 1Q0ring samples. The dashed lines
show the separating plane at different time steps. The sioldis the nal result of the DoubleMinOver learning algdwit. Training samples that are part
of the solution, i.e. that were selected for learning, arekedby a circle. Right: Double logarithmic plot of the convemge oftan , with as the angle
betweerw: andw . The dashed line demonstrates thét 1) convergence.

Algorithm 2 Kernel formulation of the DoubleMinOver algo-
[

rithm. With h(x;) = ; yi N K (X %):
i=1

n; 08 =1;:::;N
for t =0 to tpay do

X min * arg min h(x;)
X 2X *

X min arg min h(x;)
X 2X
N in + Npin+ +1
Nmin Nmin +1
end for

b % (h (Xmin*) I”'(Xmin ))

step. Initialized withh (x;) = 0, at the end of each iteration

h(xi) hxi)+ Vi (KXmin+ X))  KXpin $Xi)) -

In Fig. 2 we show the learning result of DoubleMinOver
in its kernel formulation with Gaussian kernels, again on
2-dimensional toy problem. 100 data points for each clads h@g. 2. Result of DoubleMinOver with Gaussian kernels on ehcial 2-
to be classi ed with maximum margin. Circles indicate thosélimer:sionﬁl dagaset Cé)_nslistirjgdqf 200 't:ainindg samples. Tag grea dedpifcts

H H X H e class boundary. Circles indicate those data pomtshMmere usea for
data points for whicln; > 0. Note that these data points ar eaming i.e. for whictn; > 0.
not only support vectors.

lll. DOUBLEMAXMINOVER trainingVy = Xs should be valid. However, in particular in the
A drawback of the DoubleMinOver algorithm is that at thdeginning of the learning procedure, DoubleMinOver sslect
end of the training procedung is non-zero not only for the training data points for learning which nally turn out nat t
support vectors. Le¥; = fxjxj 2 X;n; > 0g X be be support vectors of the maximum margin hyperplane. These
the set of training patterns for whialy is non-zero at time data points are super uous, need not be stored, and might
stept. Since the maximum margin hyperplane is determinezien be detrimental for convergence. It would be desirable t
solely by the seKs X of support vectors, at the end of thehave an algorithm as simple as DoubleMinOver which yields a



log tany

log t

Fig. 3. Left: The same 2-dimensional dataset as in Fig. 1, time approached with DoubleMaxMinOver. The dashed linesalepe separating plane at
different time steps. Again, the solid line is the nal traigi result. Data points for which; > 0 holds are marked by a circle. It can be seen that only
support vectors remain. Right: Double logarithmic plot of tmvergence ofan . As DoubleMinOver, DoubleMaxMinOver converges @¢t 1).

solution for whichV; = Xs is valid at the end of the training. Algorithm 3 DoubleMaxMinOver (fort = 0 one chooses
Xmin+t = Xmax+ @NdXpin = Xmayx )
w 0
For this purpose, we introduce DoubleMaxMinOver as a for t =0 t0 tyax dO
simple extension of DoubleMinOver which overcomes this x.,+ arg min w'x;

drawback and leads to a solution which is determined by . ar Xiéﬁn* W x.
support vectors only. DoubleMaxMinOver not only learns by min 9 X 2X !
adding training patterns, but also by selectively forgettivhat Xmax+  arg max wTX;
has been learned before. As in DoubleMinOver, we look for Xi2V,y T
the training patternX i« (1) 2 X * and X, () 2 X Xmax a9 X'Esf( WX

with minimum distance to the current hyperplane given by w  w +2(X/ins  Xmin ) (Xmax+
w¢. Now, at the same time we also look for the patterns end for

Xmax+ () 2 V¢ and Xma (1) 2 V, with maximum dis- p IWT (Xin s * Xmin )

tance (overlap) to the current hyperplane. Hence the name

DoubleMaxMinOverV;” = V;\X * denotes the subset of the

currentV; containing all patterns with class labgl = +1 ,

andV, = V;\X the subset containing all patterns with clasé. On the convergence of DoubleMaxMinOver

labely; = 1. In addition to adding i, + (t) andX iy, (1) to ) ) ]
Wi, the patternsmay - (t) andXmax () which were selected N the following, we will prove that DoubleMaxMinOver

for learning in at least one of the preceding learning stef@Nverges (Lemma 4), that it indeed yields the maximum
are substracted from;. In the kernel representation we nofhargin solution based solely on support vectors (Theorem 3)

only increase coef cients:;, but also decrease values. This and that it converges @3(t *) (Theorem 4).
corresponds to eventually removing elements figm

X max )

Lemma 4:The angle ; betweenw and thew; provided
by DoubleMaxMinOver converges to zero.
We will see that this forgetting is advantageous in two  Proof: We introduce
aspects: (i) it reduces the number of patterns in theVget
which have to be memorized in the kernel representation Zo= xtox jxt2Viix 2V,
and (ii) after a nite number of learning steps the learning
set V; consists of support vectors only. Without kerneI§N
DoubleMaxMinOver works as given in Algorithm 3. Since
we subtract patterns, we now addy,- (t) and Xy, (t) MaxMinOver can be expressed as
twice, respectively. This ensures thaf is increasing, which
is important for fast convergence. Wisg = Wi +2Zmin (1) Zmax (1) :

ith Zmax (t) := arg max w{ z the learning step of Double-
z t



For the angle ; we can write
W W,
kWtk

w X1t
kWtk -0

COoS ¢

(zzmln( ) Zmax( ))

Now we exploit the fact that for eachnx( ); 0 < <t

there is @min ( 9; °<  such thazmax ( ) = Zmin ( 9. For
0=0 we havezmax ( ) = zmin ( 9 by construction (see

header of Algorithm 3). Hence, eadpax( ); O <t in
the sum can be canceled out on cost afg ( 9;0 <t
and we obtain
cos w X in()
t = kw.k . Zmin

2t
: 8
kWtk ( )
Now we show by induction thatw:k 2 t+6R pf
forallt 2 Ngo. The case =0 is trivial. Fort! t+1 we

obtain

KW +2Zmin (1) Zmax (1)K?
kWtk2 + ZW;I— (szin (t) Zmax (t))
+K2Zmin (1) Zmax (t)kz
k Wik? +2W{ Zmin (1) + 2( W] Zmin (1)
WtT Zmax (1)) + ( K2Zmin (1)K + KZmax (t)k)z
k wik?+4  kwik+36R?:

2

KWi+1 k?

In the last step we usesl] zmin (t) kw K, W{ Zmin (1)

W{ Zmax (t) 0, andkzk 2R for eachz 2 Z . I}gow we take
the induction hypothesigwk 2 t+6R tand can
conclude the induction step:
kWi k2 2 t+6Rpf)2+4 (2 t+6Rpf)
+36R?
(t2+21)(2 )?+24 Rp t(t+1)
+36R2(t + 1)
(2 )(t+1)%2+24 Rpm(t +1)
+6R)*(t+1)
2 (t+1)+6R T+1 7

With (8) we then obtain

cos t 1 3ﬂRe_—
4%

‘ t+6R 1

Hence,cos ;! 1 and, therefore,; ! Ofort!1l [ |

Theorem 3:It exists at; 2 Ng such thatV; = Xg for
t ty.

z% which remains to be an element ¥f. Then there is a

t% 2 Ny such thatw,z° Wi Zmax (t) for all t t00
This, however, is not possible sindieny; w;z° = and

Theorem 4:Let  be the margin provided by Double-
MaxMinOver aftert iteration steps. Its relative deviation
( t)=  from the maximum margin  converges to
zero at least a®(t 1). This bound is tight.

Proof: We introduce

Z:=f2z 2°jz225;72°2749:

We haveZs Z. Sincew'z =2 for eachz 2 Z, the
maximum margin solution faZ" is equivalent to the maximum
margin solution forZ .

We introduce zy, (t) = arg mln w{ z. Because of The-
2Z

orem 3, fort t1 we havth = Xg and, therefore,
Zmin (1) = 2Zmin (1) Zmax (t). The learning step then reads
as Wiy = Wi + Zqin (). That means that fot t1
DoubleMaxMinOver onZ is equivalent to DoubleMinOver

on Z and we can apply Theorem 1. |

B. DoubleMaxMinOver with kernels

Algorithm 4 Kernel formulation of the DoubleMaxMinOver
R
algorithm. Withh (x;) = v; .

y; Ny K (X5 %):

nj
for t =0 to tphax dO

X min * arg min h(x;)
Xi2X *
X min arg min h(xi)
X max * arg maxh(x)
X2V
X max arg maxh(xi)
Xi 2V
N in + Npin+ +2
Npin Npmin +2
Nmax + Nmax + 1
nmax nmax 1
end for
b %(h(xmin*) h(Xmin ))

In its kernel formulation DoubleMaxMin®ver looks as
given in Algorithmp4. As for DoubleMinOver, iN:1 n =2t
and the constraint iNzl yinj = 0 is always ful lled. As we
have shown in Theorem 3, after a nite number of iteratidhs
will consist only of support vectors, i.en; will be non-zero
only for support vectors.

In Fig. 3 we show the same example as in Fig. 1, this
time the result achieved with DoubleMaxMinOver in its kdrne

Proof: Since lim = 0, Lemma 2 also applies to formulation. Again, circles indicate those data points for
DoubleMaxMinOver and there is & 2 N such that which n; > 0. Note, this time all these data points are
Zmin (1) 2 Zg for t to. Hence, the number of non-support vectors. In Fig. 3, also th@(t !) convergence is
support vectors within/ and then; of non-support vectors demonstrated.
within V; will not increase anymore fot to. But then Fig. 4 shows the same example as in Fig. 2, this time
there has to be 4° 2 Ng such thatzma (t) 2 Zs for approached with DoubleMaxMinOver instead of DoubleMin-
t t Let us assume that there is a non-support vectBver. As in Fig. 3, we see that at the end only support



IV. SOFTDOUBLEMAXMINOVER

So far linear separability of the patterns was required.
Since this is often not ful lled in practice, the concept of
a "soft margin” was introduced in [1], [2]. With a soft
margin training patterns are allowed to be misclassi ed at a
certain cost. Instead of minimizirgvk? under the constraints
yi Wix; b 1, a certain error represented by so-called
slack variables; is allowed.

There are two ways of incorporating these slack variables
into the objective function. In its original form and uswyall
the SVM solves the so-called 1-norm soft margiB classi ca-
tion problem. In this case it minimizelswk? + C iNzl [
under the constraintg; w'x; b 1 ; with ; O
The scalar paramete€ determines the "hardness” of the
margin. The smallerC, the softer the margin. Note, that
admitting a soft margin is identical to the relaxation of the
Lagrangian, which allows to solve the Quadratic Prograngmin
problem even if the training patterns are not linearly saplar.
The second va@'ation is the 2-norm soft margin problem,

N

wherekwk? + C* [, 2 is minimized under the constraints

Fig. 4. The same 2-dimensional dataset as in Fig. 2. The grayiedecates Yi wix; b 1 i. Again, the scalar parametet
the class boundary obtained with DoubleMaxMinOver and Gianskernels. determines the "hardness” of the margin. Compared to the 1-

o e ot e e aepeysng oM Case, slight deviaions from the hard margin consisain

from the solution and only support vectors remain. are punished less, but large values ¢f contribute much
more to the cost function. Both versions, of course, provide
different solutions, but usually there is hardly a diffezerin
classi cation performance. In the following we will show o
DoubleMinOver as well as DoubleMaxMinOver are able to
solve the 2-norm soft margin classi cation problem.

In Cristianini and Shawe-Taylor [22] it is shown, by con-

verting into the dual and eliminating, that solving the 2-
norm soft margin classi cation problem within a feature spa
implicitly de ned by a kernelK (x; x% is equivalent to solving
the hard margin problem within a feature space de ned by the
kerneIK\(xi;xj): K(xi;xj)+ C 1 j foreachxi;x; 2 X,
where j denotes the Kronecker delta which isfor i = j
andO otherwise. Within the feature space de ned Byx; x9)
the training data are linearly separable by constructidiis T
conversion of the soft margin classi cation problem intoaadh
margin problem with modi ed kernels is not possible in the
1-norm case. This is the reason why we pursue the 2-norm
case.

Fig. 5. Incremental learning with DMMO. Top left: Initial $&aobtained by After conversion of the soft margin problem into a Iinearly
performing 100 training iterations with 25 training samplesen successively

25 training samples were added. Each time another 100 traiténgtions S€parable hard margin problem by modifying the kernel we
were performed. Initially the; of the added training samples are set to zergan directly apply DoubleMinOver as well as DoubleMax-

while keeping then; values of the “old” training samples. MinOver. As stated already in Section I, DoubleMinOver as
well as DoubleMaxMinOver are perceptron-like pattern-by-
) . ) . pattern solvers of the hard-margin SVM-problem. By solving

vectors determine the solution. In Fig. 5 we applied Doublgsa harg margin problem formulated with the kertegx : x9)

MaxMinOver to an incrementally growing training set, i.eye solve the 2-norm soft margin classi cation problem with
we successively added 25 training samples to the trainihg §&, ernelk (x;x9). With

until 100 data points were reached. Each time training sasnpl
were added we performed another 100 training iterations of
DoubleMaxMinOver. Then; of the new training samples were
initialized by zero while keeping the; of the “old” training
samples. It can be seen how the class boundary adepts tothtge SoftDoubleMaxMinOver algorithm in its kernel formula-
enlarged training set. Support vectors that become nopestip tion then works as shown in Algorithm 5. Having determined
vectors by adding further training samples are forgotten. then; andbvia SoftDoubleMaxMinOver, the class assignment

Bex)= v i K+ & = hix)s
i)=Y j Hj IERY = i -
. C C
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V. EXPERIMENTAL RESULTS ON BENCHMARK PROBLEMS

To validate and compare the performance of SoftDouble-
MaxMinOver we tested it on a number of common classi-
cation benchmark problems. The classi cation benchmarks
stem from the UQ, DELVE* and STATLOG [23] collection.
We compare our results with those reported in the SVM-
benchmark repository of the Fraunhofer Institutad results
we obtained with the 1-norm-SVM of the OSU-SVM Matlab
Toolbox that is based on the SMO-algorithm (in the following
called SMO-SVM) [7].
Each result reported in the benchmark repository of the
Fraunhofer Institute is based on 100 different partitigsin
of the respective benchmark data into training and test sets
(except for the splice and image benchmark results which ste
from 20 partitionings). For classi cation they used therstard
1-norm-SVM with RBF-kernels. The reported classi cation
result is the average and standard deviation over all 100
realizations. Each partitioning is available from thisasipory.
Table 1 lists the average classi cation errors we obtained
with SoftDoubleMaxMinOver and the SMO-SVM on the
Fig. 6. The same 2-dimensional dataset as in Fig. 2 and Fig.id, tdifferent benchmark problems. We used the default parame-
time appro_ached with SoftDoubIe_IVIaxl_\/IinOv_er. _Obviously, thsulting class ter settings of the OSU-SVM Toolbox. Like the Fraunhofer
boundary is smoother now. Again, circles indicate the suppectors for . .
which n; > 0. Institute we used RBF-kernels, and we took their kernel
widths . The C values in SoftDoubleMaxMinOver and the
SMO-SVM where chosen such that the error is minimized.
of a new patterix takes place, of course, based on the origingn @ll benchmarks the simple SoftDoubleMaxMinOver is
kernel. The decision depends on whether as fast as and achieves result§ comparable to those of the
SMO-SVM and those reported in the Fraunhofer benchmark
W repository. Only a few training steps are necessary. On the
yiniK (Xi;x) b ringnorm, theimageand thesplicebenchmark both the SMO-
i=1 SVM as well as SoftDoubleMaxMinOver are worse than the
Fraunhofer reference. Since convergence is guaranteed, by
is larger or smaller than zero. either performing more iterations for SoftDoubleMaxMirgv
or tweaking the parameters of the SMO-SVM, one can, of
A|gor|thm 5 Kernel formulation of the SoftDoubleMax- course, obtain Comparable results for these benchmars, to
: , , r This assumes that on these benchmarks it does not make a
MinOver algorithm. Withh (x;) = i SR K (xj:xi): signi cant difference using the 2-norm instead of the 1mor
J soft margin.

n; 08 =1;:::;N
for t =0 to tpay do
X min *+ arg min h(x;)+

=}

VI. CONCLUSIONS

Xi2X * c
Xmin arg X‘rgi(n h(xi)+ & The well-known MinOver algorithm as a perceptron-like
Xmax:  arg lmax hia)+ & pro_cedure for obtaining maximum margin hypgrplanes W|thou
xi2vy a bias was extended to the so-called DoubleMinOver algarith
X max arg max h(x;)+ % which yields the maximum margin hyperplane with a bias.
o In its kernel formulation DoubleMinOver learns by iteratiy
e s selecting patterns from the training set. The computationa
nm'” . nm'” o effort increases lik®© (N ) with the number of training patterns
nmax nmax 1 N. We proved anO(t 72) convergence, and based on this
endmfz(r max proof we could show that even @t b convergence can be
b % (X)W (X ) + % Mo N ) expected, witht as the number of iteration steps.

»A SoftDoubleMinOver package is available at
http://www.inb.uni-luebeck.de/maxminover
Fig. 6 shows the result obtained with SoftDoubleMax- 3UCI Repository: http://www.ics.uci.eduilearn/MLRepository.html
MinOver on the same dataset as in Fig. 2 and Fig. 4. The'DELVE Datasets: http:/iwww.cs.utoronto.calelve/index.html
_ . sBenchmark Repository: http://ida. rst.fraunhofer.de/
hardness paramet€ was set tol=2. The class boundary is ;giects/bench/benchmarks.htm
smoother now than in Fig. 2 and Fig. 4. 80SU SVM Classi er Toolbox: http://sourceforge.net/proig/svm/
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SoftDoubleMaxMinOver SMO-SVM Reference
Benchmark #TR  #TE Seconds/lter. ERR (%) Seconds ERR (%) ERRRrer (%)
banana 400 4900 0:030=200 116 0:83 | 0:031 104 0:46 120 0:66
br-cancer 200 77| 0:019=100 271 496 0:012 282 462 260 474
diabetis 468 300 | 0:060=300 233 1:78 | 0:.065 231 182 240 173
-solar 666 400 | 0:148=300 324 1.80 0:229 323 1.82 320 1:82
german 700 300 | 0:142=200 241 2:67 | 0:177 240 2:17 240 2:.07
heart 170 100 | 0:010=100 155 3:22 0:006 152 321 160 3:26
image 1300 1010| 0:811=2000 131 4:33 | 0:812 98 0:62 3.0 0:60
ringnorm 400 7000 | 0:030=300 26 0:41 0:021 25 0:38 1.7 0:12
splice 1000 2175| 0:615-500 161 065 | 0:654 149 0:78 11.0 0:66
titanic 150 2051| 0:034=1500 224 0:96 0:013 223 1.04 22,0 1.02
waveform 400 4600 0:047=300 114 059 | 0:045 107 0:53 10.0 0:43
thyroid 140 75| 0:004=200 42 2:40 0:003 41  2:42 4.8 219
twonorm 400 7000| 0:057=200 24 0:13 | 0033 24 014 3.0 023

#Tr : number of training data, #Te : number of test data

TABLE |
CLASSIFICATION RESULTS OBTAINED WITHSOFTDOUBLEMAXMINOVER ON STANDARD BENCHMARKS FOR COMPARISON THE RESULTS OBTAINED
WITH THE SMO ALGORITHM (USING THEOSU-SVM TOOLBOX) AND THOSE REPORTED IN THEFRAUNHOFER BENCHMARK REPOSITORY(LAST
COLUMN) ARE LISTED.

Since DoubleMinOver does not use only support vector§] J.C. Platt. Advances in Kernel Methods - Support Vector Learning
for its solution, we extended DoubleMinOver to DoubleMax- Ch_aPte'I gas_t Training of SUPEO”ZXSCW 'V'aChi”eSggSgi”g Betjai
. . . . Minimal timization, pages 185— . MIT Press, 1 .
MinOver. DoubleMaxMinOver learns not only by iteratively | ph hp gd ttach g A
; s . [8] S. S. Keerthi, S. K. Shevade, C. Bhattacharyya, and K. RMKrthy.
SeleCtmg pqtterns from the training set, _bUt also by remgvi A Fast Iterative Nearest Point Algorithm for Support VechMachine
patterns which have been used for learning before. We proved ciassi er Design.IEEE-NN 11(1):124-136, January 2000.
that the computfitlonal effort and convergence _remaln thesa 9] A. Kowalczyk. Advances in Large Margin Classi erghapter Maximal
as for DoubleMinOver, but now the nal result is based solely =~ margin perceptron, pages 61-100. MIT Press, 2000.
on support vectors. [10] Gert Cauwenberghs and Tomaso Poggio. Incremental anteDeatal
We showed a way of extending DoubleMaxMinOver to 2-  Support Vector Machine Learning. NIPS pages 409-415, 2000.
norm soft margins. This is achieved by using DoubleMaxt1] Y. Li and P.M. Long. The Relaxed Online Maximum Margin Alithm.
MinOver with an appropriately modied kernel. Hence,  Machine Leamning46(1-3):361-387, 2002.
SoftDoubleMaxMinOver remains as simple as Doubld12] S.V.N. Vishwanathan, Alex J. Smola, and M. Narasimha Musimple
MaxMinOver and obeys the same convergence characteristics SVM- In ICML, pages 760-767, 2003.
With SoftDoubleMaxMinOver which is closely related to thdl3] Ivor W. Tsang, James T. Kwok, and Pak-Ming Cheung. Corettfe
| ithm a complete pattern-bv-pattern SVM is Machines: Fast SVM Training on Very Large Data SétdMach. Learn.
perceptron algorit p p y-p Res, 6:363-392, 2005.
realized. In exper'lments on Cqmmon b?nChmark prObIemS_ 1% W. Krauth and M. Mezard. Learning algorithms with optinsaability
SoftDoubleMaxMinOver algorithm provided the same classi in neural networksJ.Phys.A 20:745-752, 1987.
cation performance as common state-of-the-art SVM-so#Wa5; ; k. Anlauf and M. Biehl. The AdaTron: an adaptive paicen
algorithm. Europhys. Lett.10:687-692, 1989.
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. ) . t t ,
anonymous reviewers for their helpful comments which lead g, oo —ondess on iermation Engineering,&os Alres

to signi cant improvements of the manuscript. [18] H. Kim, B. Drake, and H. Park. Adaptive nonlinear discnirant

analysis by regularized minimum squared errot&EEE Transactions
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